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Introduction

Topicality and relevance of the theme of the dissertation.

Nowadays, great attention is paid to solving the important problems of as-

trophysics through study of optical and energetic processes around relativistic

compact objects. Although a black hole is not visible, one can observe it nonethe-

less - it casts a shadow if it is in front of a bright background from far source.

The International Event Horizon Telescope (EHT) and Black Hole Cam (BHC)

projects, which are planning to detect for the first time image of the black hole

candidate at the center of M87 and our Milky Way galaxies. The main goal is

to obtain a shadow of M87 and Sagitarius A* the supermassive black holes in

the centers of the galaxies through series of presently ongoing observations. The

topicality of theoretical investigation of the shadow of the black hole is related to

use the shape of the silhouette to test the corresponding theory of gravity in the

strong field regime.

During these years of independence of our country, the science has been de-

veloped by providing theoretical and experimental investigations on relativistic

astrophysics to solve fundamental problems, and as a results valuable progress

have been achieved. Theoretical and observational studies of the gravitational

lensing systems, particularly black hole shadow and spacetime structure through

the application of fundamental investigations in the area of relativistic astro-

physics of compact objects has significant value in the Strategy of Actions on
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Further Development of Uzbekistan.

The investigation of the optical properties and the spacetime structure of the

black hole and construction of new tests of general relativity and other gravity

theories are now one of the most important tasks in modern relativistic astro-

physics. Theoretical study of the shadow of the black hole in the various gravity

theories and study the gravitational lensing contribute an important tool to build

the tests of the gravity models using the information events on the central object

in our galaxy and M87 within the Black Hole Cam (BHC) and Event Horizon

Telescope (EHT) International projects and understand the fundamental proper-

ties of the gravity. These objectives justify the topicality of the global level of

scientific research.

This research corresponds to the tasks stipulated in governmental regulatory

documents and Decree of the President of the Republic of Uzbekistan No.PD-4512

"On works of further development of alternative energy sources" of 1 March 2013,

Resolution No.PR-2789 "On measures of further improvement of the activities of

the Academy of Sciences, organization, management and financing of scientific

research works" of 17 February 2017, and Decree No.PD-4947 "On the Strategy

of Actions on Further Development of the Republic of Uzbekistan" of 7 February

2017 and others

Relevance of the research to the priority areas of science and tech-

nology development of the Republic Uzbekistan. The dissertation research

was carried out in accordance with the priority areas of science and technology

development of the Republic of Uzbekistan: II. ?Power, energy and resource sav-

ing?.

Degree of study of the problem

Number of scientists of the world, for example German scientisits (C. Laem-
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merzahl, J. Kuntz, E. Hackmann, A. Grezenbach, V. Perlick), Indian scientists

(N. Dadhich, S. Ghosh, P. Joshi, M. Patil), Italian scientists (C. Bambi, L. Rez-

zolla, L. Modesto, D. Malafarina, O. Zanotti), Russian scientists (O. Tsupko, G.

Bisnovatyi-Kogan, A. Zakharov, D. Galtsov), Czech scientists (Z. Stuchlik, M.

Kolos, J. Schee, J. Kovar, V. Karas), Uzbek scientists (B. Ahmdeov, A. Abdu-

jabbarov and V. Morozova) and others have done huge number of theoretical and

observational investigations to study the optical and energetic processes around

rotating black hole.

Uzbek scientists (B. Ahmedov, A. Abdujabbarov, V. Morozova and others)

worked on developing a new formalism of black hole shadows description and

method to derive analytical solutions of the Maxwell equations in curved space-

time.

Earlier research works on gravitational lensing where consentrated only on

weak lensing effects around spherical symmetric compact objects. However, in

the strong gravitational field limit one may consider strong gravitational lensing

or retrolensing. These effects may be used as an useful tool to test the gravity in

the strong field regime.

The concept of the black hole shadow was known since 70s of the 20th century

but the idea to image it in the black hole in the center of our Milky Way was

first presented in a paper by Falcke in early 2000. The shape and the size of the

shadow of black hole strongly depend on the main two parameters of the black

hole: its mass and spin. The dependence of the black hole?s shadow shape on

electric charge, brane parameter and angle of inclination of the axis of rotation of

the black hole have been widely studied in the literature.

However, the effects due to the parameters of alternative theories of gravity

have been remained unstudied. The shadows of the deformed, Born-Infeld, NUT
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black holes and 5D Myers-Perry black hole have not been investigated.

Connection of the topic of dissertation with the scientific researches

of the higher educational institutions, where the dissertation was con-

ducted.

The PhD dissertation was carried out in the framework of the scientific projects

of the Institute of Nuclear Physics and Astronomical Institute: F2-FA-F113

"Gravitational and Electromagnetic Processes in Relativistic Astrophysics and

Cosmology" (2012-2016); EF2-FA-0-12477 "Motion of particles with spin and

propagation of electromagnetic waves in the vicinity of compact gravitational

objects" (2014-2015); VA-FA-F2-008 "Astrophysical Processes in Stationary and

Dynamic Relativistic Gravitation Objects" (2017-2020).

The aim of the research is the development and astrophysics application

of a theoretical method of description of radius and distortion of the black hole

shadow and thermal radiation from the rotating black holes

The tasks of the research:

• to study deflection angle of the light ray around black hole and its images,

brightness of the compact objects using gravitational lensing effect;

• to estimate the emission energy from the black hole through the thermal

radiation;

• to consider the collision of particles near the black hole;

• to determine the influence of different parameters of the rotating black hole

in the different gravity models;

• to analyze the effects of the black hole parameters on event horizon structure

of the rotating black hole in different gravity models;
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• to study the energy extraction mechanism and estimate the maximal value

of the extractable energy from the rotating black hole;

• to obtain and analyze a shadow of a black hole and to find the dependence

of the radius and distortion parameter of the shadow from the different pa-

rameters of the gravity models;

• to compare silhouette of the black hole shadow in four dimensional and higher

dimensional gravity theories.

The objects of the research are relativistic compact objects, the black

holes.

The subjects of the research are optical properties of the black hole, energy

emission and energy extraction from the rotating black holes.

The methods of the research. The research methods are mathematical

apparatus of general relativity and metric affine differential geometry, analytical

and numerical methods for solving differential equations of motion for particles

and field.

The scientific novelty of the research is the follows: is the follows:

The exact analytical expressions for the deflection angle of the light rays due

to the effect of weak gravitational lensing around black hole in braneworld have

been obtained and dimensionless brane parameter as W 2/R2 = 0.96 × 10−7 has

been estimated.

It was shown that the increase of the black hole brane tidal charge causes the

increase of the energy release process and it was shown that with the increase of

the rotation parameter the efficiency of the energy emission decreases in spacetime

of five dimensional black hole.

It was shown, that the increase of the gravitomagnetic charge causes the in-

crease of the event horizon of the Kerr-Taub-NUT black hole and the upper limit
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for the dimensionless gravitomagnetic charge as l/M < 0.85 and deformation

parameter as |ε| < 80 have been estimated.

It was obtained that with increasing either rotation parameter or electric charge

of black hole particle is moving closer to the central object in Einstein-Born-Infeld

model.

Practical results of the research are as follows: are as follows:

Results of the research of astrophysical processes in the vicinity of deformed

rotating black holes can be used to develop new tests of alternative theory of

gravity in the strong field regime.

Processing the X-ray source data leads to more accurate evaluation of different

parameters of black holes, including deformation parameter. The limiting values

of the parameters can be used in astrophysical description of the structure of

spacetime and energetic processes in the vicinity of compact objects.

Obtained shapes and parameters of black hole shadows in various theories of

gravity can be used in comparative analysis of observational data and theoretical

results in order to test alternative theories of gravity.

The reliability of the research results is provided by the followings: mod-

ern methods of general relativity and the theoretical physics and highly effective

numerical methods and algorithms are used; careful check of a consistence of the

received theoretical results with observational data and results of other authors

is performed; conclusions are well consistent with the main provisions of the field

theory of gravitational compact objects.

Scientific and practical significance of the research results. The scien-

tific significance of the research results is determined by the ability of the devel-

oped description of black hole shadow to test the different theories of the gravity

using the comaparative analysis of the future observations of shadow of supermas-
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sive black holes at the galactic centers and obtain constraints on the parameters

of the black hole in different gravity models.

The practical significance of the results of research lies in the fact that the

comparison of the results of this dissertation and the observational data on grav-

itational lensing can be used to estimate or get the constraints on the parameters

of the black hole in alternative theories of gravity. The results can be also used

to understand the fundamental aspects of the gravitational interaction in Nature.

Implementation of the research results

The obtained results on shadows of the rotating black hole with the gravitomag-

netic charge and dependence of observable parameters from the gravitomagnetic

charge was used by international journals (Physical Review D 2017, Astrophysi-

cal Space Sciences 2017, European Physical Journal C 2017, Monthly Notices of

Royal Astronomical Society 2015) to compare the results with shadows of black

hole in other gravity models and numerical simulations. Application of the scien-

tific results is that obtained results on black hole shadow have been used to get

the constraints on different gravity models.

Energetic and optical properties of four and higher dimensional spacetimes

in modified theories of gravity have been used in international scientific journals

(Physical Review D, 2017; Astrophysical Space Sciences, 2017; European Physical

Journal C, 2017; Monthly Notices of Royal Astronomical Society, 2015) to develop

fundamental theories of gravitational interactions using the comparison of the

black hole shadow in different gravity models.

Testing of the research results. The research results were reported and

tested at 8 international and local scientific conferences.

Publication of the research results. On the theme of dissertation 20

scientific works were published, including 9 scientific papers scientific papers in
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international scientific journals recommended by the Supreme Attestation Com-

mission of the Republic of Uzbekistan for publishing basic scientific results of PhD

dissertations.

Volume and structure of the dissertation. The PhD dissertation consists

of an introduction, four chapters, conclusion and a bibliography. The size of the

dissertation is 119 pages.

Throughout the dissertation, we use a space-like signature (−,+,+,+) and a

system of units in which G = 1 = c. Greek indices are taken to run from 0 to 3

and Latin indices from 1 to 3.

11



Chapter I

Gravitational lensing and retrolensing

1.1 Introduction

Deflection angle for relativistic object using gravitational effect has been ob-

served by big number of telescopes. One of the example is the Sun, deflection

angle of which is (1.75 ± 0.05)′′ [1]. This gives us good motivation to find the

deflection angle for compact objects in alternative theories of gravity. One can

easily estimate the parameters of the black hole using deflection angle by com-

paring theoretical and observational results.

The strong gravitational field surrounding the compact objects causes the de-

flection of the light called the effect of gravitational lens. The gravitational lens

differs from the optical one since the deflection due to gravitational lens makes

a maximum deflection of light passing closest to central object and a minimum

deflection of light passing far from center. Studying the gravitational lens systems

gives us the opportunity to study the source image of which will be created by

gravitational lensing object and parameters of the compact object which is play-

ing the role of gravitational lens. The light deflection is decreasing when it comes

closer to the light sphere of the compact object and one can observe so-called

retrolensing.
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The study of the retrolensing by charged rotating black hole has been consid-

ered in [2]. The retrolensing of light ray caused by wormhole has been considerd

in [3]. Different aspects of the weak and strong lensing, as well as light rays motion

in vacuum and plasma environment have been studied in Refs. [4, 5, 6, 7, 8, 9, 10].

A huge number of works have been dedicated to the study of microlensing dur-

ing the last decades. Starting the pioneer work on microlensing [11, 12, 13] strong

gravitational lensing in the Schwarzschild metric has been considered in [9]. The

reference [10] reviews the gravitational lensing effect around compact gravitating

objects in general relativity. The angular sizes and magnification factors for rel-

ativistic rings formed by the light ray which undergo one or several turns around

the black hole have been considered in [9]. The influence of plasma on gravita-

tional lensing has been considered in [8, 6, 7, 14]. In [15] the general-relativistic

radiative transfer theory in refractive and dispersive media has been considered.

In the recent work [16] the gravitational lensing by regular black holes sur-

rounded by plasma has been considered. Gravitational lensing and ghost images

in the regular Bardeen no-horizon spacetimes has been studied in [17]. Extreme

gravitational lensing in vicinity of Schwarzschild-de Sitter black holes has been

stusied in [18]. Optical properties of spacetime surrounded different types of the

black hole [19, 20, 21, 22] as well as shadow of the compact gravitational compact

objects in different models [23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34] have been

studied by various authors.

In the weak field approximation the expressions for deflection of light have the

same character for both the regular black hole and no-horizon spacetimes that

were extensively studied in the strong field situations in [35, 17].
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1.2 Deflection of light by a Braneworld lensing object in

the presence of the plasma

Consider the spacetime metric around the static and spherically symmetric

black hole in braneworld, which has the following form [36, 37]:

ds2 = −f(r)dt2 +
1

f(r)
dr2 + r2(dθ2 + sin2 θdφ2), (1.1)

where the function f(r) has the following form

f(r) = 1− 2M

r
− W 2

r2
, (1.2)

and W is brane tidal charge. The spacetime metric (1.1) mathematically has the

form similar to Reissner-Nordström solution’s and the difference is that values of

W are negative. When the brane tidal charge W vanishes the spacetime metric

(1.1) coincides with the Schwarzschild metric.

Weak field approximation is useful tool to study the gravitational effect and

within this approximation one can express the spacetime metric tensor compo-

nents in the form:

gαβ = ηαβ + hαβ , (1.3)

with the notations

ηαβ = diag(−1, 1, 1, 1),

hαβ � 1, hαβ → 0 under xi →∞

gαβ = ηαβ − hαβ, hαβ = hαβ (1.4)

To study and describe the light ray trajectory in a medium we will use the

Hamiltonian approach and using the variational principle as

δ

(∫
pαdx

α

)
= 0 (1.5)
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one can easily obtain the equations of motion for light ray in a medium in the

following form

dxα

dλ
=
∂H

∂pα
,

dpα
dλ

= − ∂H
∂xα

, (1.6)

where we have used the restriction condition for the Hamiltonian [38] in the form

of

H(xα, pα) =
1

2

[
gαβpαpβ − (n2 − 1)(pαV

α)2
]

= 0 . (1.7)

In the Eq. (1.7) pα is the light rays momentum, V α is the four velocity of the

observer, n is the refractive index of the medium surrounding the central object,

and λ is the affine parameter along the trajectory of the light ray.

We will rewrite the Eq. (1.7) in the form

H =
1

2

[
g00p0p0 + gikpipk − (n2 − 1)

~2ω2(xi)

c2

]
, (1.8)

where ~ is the Planck constant, ω(xi) is the light ray frequency, which depends

on coordinates xi due to gravitational redshift effects, and c is the speed of light

propagation in vacuum and

pαV
α = −~ω(xi)

c
, (1.9)

The refractive index of plasma depends on the frequency ω(xi) in the following

way

n2 = 1− ω2
e

ω2(xi)
, ω2

e =
4πe2N

m
= KeN, (1.10)

where N = N(xi) is the electron density in plasma, e and m are the electric

charge and mass of the electron, respectively. For the simplicity we will use the
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notations:

ω = ω(xi →∞)

ω0 = ωe(x
i →∞)

n0 = n(xi →∞)

(1.11)

The equations (1.8) and (1.10) allow us to find the equation of motion in the

following:

dxi

dλ
= gikpk = pi (1.12)

dpi
dλ

= −1

2
gkl,i pkpl −

1

2
g00
,i p

2
0 −

1

2

~2KeN,i

c2
(1.13)

Taking into account the weak field approximation and weak plasma the com-

ponents of the momentum of the light ray propagating along z direction can be

chosen in the following form:

pα =

(
~ω
c
, 0, 0,

n0~ω
c

)
, pα =

(
−~ω
c
, 0, 0,

n0~ω
c

)
(1.14)

By the definition the deflection angle of the light ray in the plane orthogonal

to the z axis is expressed in the form:

α̂k = [pk(∞)− pk(−∞)]/p

p =
√
p2

1 + p2
2 + p2

3 = |p3| =
n0~ω
c

, k = 1, 2 . (1.15)

Using the equation of motion obtained earlier, one can easily find the relation

α̂k =
1

2

∫ ∞
−∞

(
h33 +

h00ω
2 −KeN

ω2 − ω2
0

)
,k

dz .

(1.16)

Note, that negative values of α̂b correspond to the bending the light ray towards

the central object and vice versa.
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At the large distances from the central object, the static and asymptotically

flat spacetime of the braneworld geometry can be expressed as [36]

ds2 = ds2
0 +

(
2M

r
− W 2

r2

)
dt2 +

(
2M

r
− W 2

r2

)
dr2, (1.17)

where the part of the flat spacetime metric is ds2
0 = −dt2+dr2+r2(dθ2+sin2 θdφ2).

In the Cartesian coordinates the components hαβ can be written as

h00 =

(
Rs

r
− W 2

r2

)
,

hik =

(
Rs

r
− W 2

r2

)
nink,

h33 =

(
Rs

r
− W 2

r2

)
cos2 χ , (1.18)

where for the simplicity we used the notation Rs = 2M .

Applying the formulae (1.16) one can calculate the light deflection angle using

the components hαβ in the bagckground geometry of braneworld space-time in

the presence of the plasma as [6, 9]

α̂b =

∫ ∞
0

∂

∂b

[(
Rs√
b2 + z2

− W 2

r2

)
z2

b2 + z2

+
1

1− ω2
0/ω

2

(
Rs√
b2 + z2

− W 2

r2

)]
dz (1.19)

where we have introduced the impact parameter b2 = x2
1 + x2

2, and x1 and x2 are

the coordinates on the plane orthogonal to the z axis and for the parameters of

the plasma we use

ω2
0 =

4πe2N(r)

m
, ω2 =

ω2
∞

f(r)
(1.20)

where ω0 and ω are the plasma and light ray frequency, respectively, and ω∞ is

the asymptotic value of light ray frequency. Considering the power-law plasma

density function as

N(r) = N0
r0

r
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with the density number N0 at the radial position of the inner edge of plasma

environment r0. For the small values of the brane tidal charge and large distances

the expression (1.20) can be approximated in the following form:

n2 =

(
1− ω2

0

ω2

)−1

' 1− 4πe2N0r0

mω2
∞r

+
4πe2N0r0Rs

mω2
∞r

2
. (1.21)

Using this approximation one can easily find the deflection angle α̂b of the light

around compact object in the braneworld in the presence of plasma

α̂b =
2Rs

b

(
1 +

π2e2N0r0

mω2
∞b

− 4πe2N0r0Rs

mω2
∞b

2

)
−W

2

4b2

(
3π +

4πe2N0r0

mω2
∞b

(
8− 3πRs

b

))
(1.22)

In the expression (1.22) expressions in the first bracket corresponds to the the

deflection angle of the light ray in the field of the Schwarzschild black hole im-

mersed into plasma, while the ones in the second bracket represents the contri-

bution from the braneworld parameter. In the limiting case when plasma param-

2 3 4 5 6 7
0.5

1.0

1.5

2.0
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Α
b
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Figure 1.1: Deflection angle αb as a function of the impact parameter b for different brane

parameters W : W 2 = 0 is black-solid line, W 2 = 0.5 is red-dashed line and W 2 = 0.99 is blue-

dotted line. Left panel is vacuum case and right panel is plasma case(4πe2N0r0/mω
2
∞M = 0.7).

eter 4πe2N0r0/mω
2
∞ = 0 and brane parameter W = 0 vanish, deflection angle

α̂b = 2Rs/b coincides with the value of the angle in the Schwarzschild space-

time [39, 11].
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Using expression (1.22) one can easily plot α̂b depends on b impact parameter.

In Fig. 1.1 the dependence of the deflection angle on impact parameter b has been

shown for the different values of brane tidal chargeW 2. One can see from Fig. 1.1

that the deflection angle of the light ray from the braneworld black hole increases

with increasing the value of the brane parameter. This is direct consequence of the

fact that the braneworld parameter makes the black hole stronger, and increases

the radii of event horizon and unstable null geodesic sphere.

1.3 Brightness of the image source

In this section we will study the image source magnification using the expres-

sion for the deflection angle in the presence of plasma.

Consider the gravitational lens equation in the following form [39]

θDs = βDs + αDls , (1.23)

where β is the angle of the real source from the observer-lens axis, θ is the angle

of apparent image of the source due to lensing with the deflection angle α, Ds

and Dls are the distances from the observer to the lens and from the lens to the

source, respectively. Since impact parameter is b = Dlθ, where Dl is the distance

from the observer to the lens, we obtain the relation in the form [6, 7]

β = θ − Dls

Ds

F (θ)

Dl

1

θ
(1.24)

with the new introduced quantity F (θ) = |αb|b = |αb(θ)|Dlθ. Solutions of the eq.

(1.24) give us the positions θk of the images of the object due to the lensing.

The special solution of the Eq. (1.24) is called Einstein angle θ0 and corre-

sponds to the case when the object, lens, and observer are on a straight line.

Corresponding radius of the Einstein ring is R0 = Dlθ0, where θ0 is the solution

of the (1.24) when β = 0. Usually the Einstein angle is very small in order to
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be resolved by modern telescopes. However, the lensing by some astrophysical

objects like a star or stellar black hole can be detectable because it changes the

apparent brightness of the source (magnification of the image brightness). The

magnification of image brightness can be calculated using the formula

µΣ =
Itot

I∗
=
∑
k

∣∣∣∣(θkβ
)(

dθk
dβ

)∣∣∣∣ , k = 1, 2, ..., s , (1.25)

where s is the total number of images, Itot is the total brightness of the images

and I∗ is the unlensed brightness of the source and k refers to the number of

images.

Using the expression of the Einstein angle θ0 in the Shwarzschild spacetime

θ0 =

√
2Rs

Dds

DsDd
(1.26)

we will consider the generalised expressionf for the Einstein ring (θpl0 )brane for the

braneworld lensing in presence of a plasma using (1.22) and (1.24) as [40]

(θpl0 )brane = θ0

[
1 +

π2e2N0r0

mω2
∞b

− W 2

8bRs

4πe2N0r0Rs

mω2
∞b

2

×
(

3π +
4πe2N0r0

mω2
∞b

(
8− 3πRs

b

))]1/2

(1.27)

Using (1.25) one can write magnification of the image source for the braneworld

spacetime case:

µpltot = µpl+ + µpl− =
x2 + 2

x
√
x2 + 4

(1.28)

where dimensionless parameter x is

x =
β

(θpl0 )brane
= x0

[
1 +

π2e2N0r0

mω2
∞b

− 4πe2N0r0Rs

mω2
∞b

2

− W 2

8bRs

(
3π +

4πe2N0r0

mω2
∞b

(
8− 3πRs

b

))]−1/2

(1.29)
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where we have used the notation x0 = β/θ0

The magnification of the image source expressed as

µpl+ =
1

4

( x√
x2 + 4

+

√
x2 + 4

x
+ 2
)

(1.30)

µpl− =
1

4

( x√
x2 + 4

+

√
x2 + 4

x
− 2
)

(1.31)

In Fig. 1.2 the dependence of the magnification parameter on x0 has been

shown for the different values of brane charge. The presence of the brane charge

causes the increase of the magnification parameter of the image source.

W 2=0

W 2/ M2=0.99

10-2 0.1 1 10 100 1000
x0

1.00

1.05

1.10

1.15

1.20
μ+
pl
/μ+,μ-

pl /μ-

Figure 1.2: µpl
+/µ+ and µpl

−/µ− of the magnifications of the images in the plasma to the

same value in vacuum for different value of brane parameter W 2. Plasma parameter is equal

4πe2N0r0/mω
2
∞ = 0.7

[40].

1.4 Retrolensing in the braneworld spacetime

In this section we consider the deflection angle αb in a strong gravity limit in

the braneworld geometry in the absence of plasma. According to the work of [2]
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we may look the solution for the deflection angle in the form of:

αb = −ā ln

(
b

bcr
− 1

)
+ b̄+O((b− bcr) log(b− bcr)), (1.32)

where bcr is the critical value of the impact parameter and ā and b̄ are the functions

of W 2/M2. The first term in the right hand side of the Eq. (1.32) is due to

impact parameter of the light ray (energy and angular momentum of the light

rays), second term is due to changes of the spacetime structure in the presence

of brane charge and third term is the error term in the deflection angle in strong

deflection limit [2].

The light rays sphere radius rph around the black hole described in braneworld

model and spacetime metric (1.1) is

rph =
3M +

√
9M 2 − 8W 2

2
. (1.33)

The critical value of the impact parameter for the light ray in braneworld space-

time geometry can be found using the condition [2, 3]

bcr(rph) = lim
r0→rph

b(r0) = lim
r0→rph

r2
0√

∆W (r0)
(1.34)

where ∆W (r0) = r2
0 − 2Mr0 +W 2.

Near the light rays sphere the radial velocity vanishes and we will have(
dr

dφ

)
= r4

(
1

b2
− ∆W

r4

)
, (1.35)

where we have used the relation b = L/E. The deflection angle of the light

coming through light rays sphere are of black hole in braneworld model can be

found using the expression:

αb = lim
r0→rph

2

∫ ∞
r0

dr

r2

√
1
b2 −

∆W

r4

− π (1.36)
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Using the technique described in [2] one can easily obtain the analytic expres-

sions of the functions ā and b̄ in the following form:

b̄ = ā ln

[
8(3Mrph − 4W 2)3

M 2r2
ph(Mrph −W 2)2

×

(
2
√
Mrph −W 2 −

√
3Mrph − 4W 2

)2
]
− π, (1.37)

ā =
rph

√
Mrph −W 2√

M(6M − rph)r2
ph + 9rphMW 2 − 4W 2

. (1.38)

The expression bcr, b, ā and b̄ are obtained analytically. In the limiting case

when brane tidal charge vanished the values of the ā and b̄ are the followings:

ā = 1 and b̄ ' −2.92841. Thus the physically meanings of the quantities ā and b̄

can be interpreted as deviation of the deflection angle due to modification of the

spacetime metric. The dependences of these parameters are shown in Fig 1.3.

In this plot we presented bcr, b, ā and b̄ depending on brane parameter and other

hand one can compare with parameter of Reissner-Nordström. It is clear that

they have opposite properties braneworld with Reissner-Nordström gravity. The

dependence of the double image of the source in the Braneworld spacetime on the

brane charge W 2/M2 has been shown in Fig 1.4.

In Fig. 1.5 the deflection angle of the light curve depending on the impact

parameter of light rays motion has been shown for different values of brane pa-

rameter. One can easily notice from Fig. 1.5 that an increase in the value of brane

parameter increases the impact parameter of the light curve and at the same time

increases the deflection angle of it.

1.5 Conclusion

In this chapter we have presented the description of the equation of light prop-

agation around black hole in braneworld in order to describe the gravitational
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spacetime(solid line) as the functions of W 2/M2 comparing with Reissner-Nordström space-

time(dashed line).
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Figure 1.4: Double image in the Braneworld spacetime(solid line) as the functions of W 2/M2

comparing with Reissner-Nordström spacetime(dashed line) for the different masses of the black

hole: M = 10Mo (the black line, M = 30Mo (the red line), M = 60Mo (the blue line).
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Figure 1.5: Deflection angle of light curve in branewolrd space-time for different value of brane

parameterW as: W 2 = 0(Black, solid), W 2 = 0.5(Blue, dashed), W 2 = 0.99(red, dashed) [40].

lensing effect due to bending the light beams. Considering nonvanishing brane

tidal charge of the black hole we have obtained the exact expressions for the deflec-

tion angle of the light ray due to the effect of weak gravitational lensing. For Sun

deflection angle has the value of (1.75±0.05)′′ [1], using this observational result

one can estimate for the dimensionless brane parameter as W 2/R2 = 0.96 · 10−7.

The magnification of the image source brightness in the background spacetimes

of black hole in braneworld have been also considered. It was shown, that the

increase of the module of brane tidal charge of the black hole causes the increase

the magnification of the size image.

In this chapter the retrolensing effect around black hole in braneworld has

been also investigated. The analysis of the retrolensing effetct due to brane tidal

charge shows that in the presence of the negative brane charge one can observe

the sufficiently increase the image source magnification and larger bending angle

with compare to black hole with electric charge.
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Chapter II

Horizon structure of rotating black hole

and energy extraction from it

2.1 Introduction

In Maxwell’s electromagnetic field theory, the field of a point-like charge is

singular at the charge position and hence it has infinite self-energy. To overcome

this problem in classical electrodynamics, the non-linear electromagnetic field has

been proposed by Born and Infeld [41], with main motivation, to resolve self-

energy problem by imposing a maximum strength of the electromagnetic field. In

this theory the electric field of a point charge is regular at the origin and this

non-linear theory for the electromagnetic field was able to tone down the infinite

self energy of the point-like charged particle. Later, Hoffmann [42] coupled gen-

eral relativity with Born-Infeld electrodynamics to obtain a spherically symmetric

solution for the gravitational field of an electrically charged object. Remarkably,

after a long dormancy period, the Born-Infeld theory made a come back to the

stage in the context of more modern developments, which is mainly due to the

interest in non-linear electrodynamics in the context of low energy string theory,

in which Born-Infeld type actions appeared [43]. Indeed, the low energy effective

action in an open superstring in loop calculations lead to Born-Infeld type actions
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[43]. These important features of the Born-Infeld theory, together with its cor-

rective properties concerning singularities, further motivate to search for gravita-

tional analogues of this theory in the past [44], and also interesting measures have

been taken to get the spherically symmetric solutions [45]. The thermodynamic

properties and causal structure of the Einstein-Born-Infeld black holes drastically

differ from that of the classical Reissner-Nordstrom black holes. Indeed, it turns

out that the Einstein-Born-Infeld black hole singularity is weaker than that of

Reissner-Nordstrom black hole. Further properties of these black holes, includ-

ing motion of the test particles has been also addressed [46]. It is worthwhile

to mention that Kerr [47] and Kerr-Newman metrics [48] are undoubtedly the

most significant exact solutions in the general relativity, which represent rotating

black hole that can arise as the final fate of gravitational collapse. The generaliza-

tion of the spherically symmetric Einstein-Born-Infeld black hole in the rotating

case, Kerr-Newman like solution, was studied by Lombardo [49]. In particular, it

is demonstrated [41] that the rotating Einstein-Born-Infeld solutions can be de-

rived starting from the corresponding exact spherically symmetric solutions [42]

by a complex coordinate transformation previously developed by Newman and

Janis [50]. The rotating Einstein-Born-Infeld black hole metrics are axisymmet-

ric, asymptotically flat and depend on the mass, charge and spin of the black hole

as well as on a Born-Infeld parameter (β) that measure potential deviations from

the Kerr metric Kerr-Newman metrics. The rotating Einstein-Born-Infeld metric

includes the Kerr-Newman metric as the special case if this deviation parame-

ter diverges (β → ∞) as well as the Kerr metric when this parameter vanishes

(β = 0). In this paper, we carry out detailed analysis of the horizon structure of

rotating Einstein-Born-Infeld black hole and explicitly manifest the effect β has.

Recently, horizon structure has been studied for various space-time geometris, see,
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e.g., [51].

Black holes are very interesting gravitational as well as geometrical objects

to study in four dimensions and may exist in higher dimensional space-time.

In recent years, black hole solutions in more than four space-time dimensions,

especially in five-dimensions (5D), have been the subject of intensive research,

motivated by ideas in brane-world cosmology, string theory and gauge/gravity

duality. Several interesting and surprising results have been found [52]. In dimen-

sions higher than four, the uniqueness theorems do not hold due to the fact that

there are more degrees of freedom. The discovery of black-ring solutions in five di-

mensions shows that non-trivial topologies are allowed in higher dimensions [53].

The Myers-Perry [54] black hole spacetime is higher dimensional generalization of

the four-dimensional Kerr black hole spacetime.

2.2 Horizon of rotating Einstein-Born-Infeld black hole

The action for the gravitational field coupled to a nonlinear Born-Infeld elec-

trodynamics (or a Einstein-Born-Infeld action) in (3+1) dimensions reads [41, 42]

S =

∫
d4x
√
−g
[

R

16πG
+ L(F)

]
, (2.1)

where R is scalar curvature, g ≡ det |gµν| and L(F) is given by

L(F) =
β2

4πG

(
1−

√
1 +

2F
β2

)
, (2.2)

with F = 1
4FµνF

µν, Fµν denotes the electromagnetic field tensor. Here β2 is the

Born-Infeld parameter being equal to the maximum value of electromagnetic field

intensity and has a dimension of [length]−2. Eq. (2.1) leads to the Einstein field

equations

Rµν −
1

2
gµνR = κTµν , (2.3)
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Figure 2.1: Plots showing the dependence of the square of the electric charge Q2(r) from the

radial coordinate r for different values of Born-Infeld parameter β. Left panel is for Q = 0.5

and right panel is for Q = 0.9 in asymptotics.

and electromagnetic field equation

∇µ(F µνL,F) = 0 . (2.4)

The energy momentum tensor is

Tµν = Lgµν − FµσF σ
ν , (2.5)

where L,F denotes partial derivative of L with respect to F .

The gravitational field of a static and spherically symmetric compact object

with mass M and a non-linear electromagnetic source in the Einstein-Born-Infeld

theory has first been investigated by Hoffmann [42] and the space-time metric is

[42]

ds2 = −
[
1− 2GM

r
+
Q2 (r)

r2

]
dt2

+

[
1− 2GM

r
+
Q2 (r)

r2

]−1

dr2 + r2
(
dθ2 + sin2 θ dϕ2

)
,

(2.6)

with the square of electric charge

Q2(r) =
2β2r4

3

(
1−

√
1 + ζ2(r)

)
+

4Q2

3
F

(
1

4
,
1

2
,
5

4
,−ζ2(r)

)
, (2.7)
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Figure 2.2: The rotation parameter a dependence of the radial coordinate r for the different

value of electric charge Q and Born-Infeld parameter β. The lines separate the region of black

holes with naked singularity ones. The left panel is for Born-Infeld parameter β = 0.5 and the

right panel is for Born-Infeld parameter β = 0.05.
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Figure 2.3: The rotation parameter a dependence of the radial coordinate r for the different

value of electric charge Q and Born-Infeld parameter β. The lines separate the region of black

holes with naked singularity ones. The left panel is for electric charge Q = 0.5 and the right

panel is for electric charge Q = 0.7. [55]
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where F is a Gauss hypergeometric function [56] and new notation ζ2(r) =

Q2/(β2r4) is introduced. From the radial dependence of Q2(r) plotted in Fig.2.1

one can see its strong dependence from β parameter near to the center of the black

hole. The rotating counterpart of the Einstein-Born-Infeld black hole has been ob-

tained in [49]. The gravitational field of rotating Einstein-Born-Infeld black hole

spacetime is described by the metric which in the Boyer-Lindquist coordinates is

given by [49]

ds2 =
∆− a2 sin2 θ

ρ2
dt2 − ρ2

∆
dr2

+2a sin2 θ

(
1− ∆− a2 sin2 θ

ρ2

)
dt dφ− ρ2 dθ2

− sin2 θ

[
ρ2 + a2 sin2 θ

(
2− ∆− a2 sin2 θ

ρ2

)]
dφ2 ,

(2.8)

with

∆ = r2 − 2GMr +Q2 (r) + a2, and ρ2 = r2 + a2 cos2 θ. (2.9)

The parameters a, M , Q and β are, respectively correspond to rotation, mass,

the electric charge and the Born-Infeld parameter. We let the parameters Q and

β to be positive. In the limit β → ∞ (or Q(r) = Q) and Q 6= 0, one obtains

the corresponding solution for Kerr-Newman black hole, while one has Kerr black

hole [47] when β → 0. The metric (2.8) is a rotating charged black hole which

generalizes the standard Kerr-Newman black hole and we call it as the rotating

Einstein-Born-Infeld black hole. The non-rotating case, a = 0, corresponds to

the metric of the static Einstein-Born-Infeld black hole obtained by Hoffmann in

[42]. The metric (2.8) has curvature singularity at the set of points, where ρ = 0

and M = Q 6= 0. For a 6= 0, it corresponds to a ring with radius a, in the

equatorial plane θ = π/2 and hence termed as a ring singularity. The properties

of the rotating Einstein-Born-Infeld metric (2.8) are similar to that of the general
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relativity counterpart Kerr-Newman black hole. We first show that, it is possible

to get certain range of values of a, M and Q, the metric (2.8) is a black hole. The

metric (2.8), like the Kerr-Newman one, is singular at ∆ = 0 and it admits two

horizons like surfaces, viz., the static limit surface and the event horizon. Here,

we shall look for these two surfaces for the rotating Einstein-Born-Infeld metric

(2.8) and discuss the effect of the nonlinear parameter β. The horizons of the

Einstein-Born-Infeld black hole (2.8) are dependent on parameters M,a,Q and

β, and are calculated by equating the grr component of the metric (2.8) to zero,

i.e.,

∆ = r2 − 2GMr +Q2 (r) + a2 = 0, (2.10)

which depends on Q(r) a function of r, and is different from the Kerr-Newman

black hole, where Q is just a constant. The solution Eq. (2.10) can have either

no roots (naked singularity), two roots (horizons) depending on the values of

these parameters. It is difficult to solve the Eq. (2.10) analytically and hence we

seek numerical solutions. It is seen that Eq. (2.10) admits two horizons r−EH and

r+
EH for suitable choice of parameters, which corresponds to two positive roots of

Eq. (2.10), with r+
EH determines the event horizons and r−EH the Cauchy horizon.

Further, it is worthwhile to mention that one can set parameters when r−EH and

r+
EH are equal and we have an extremal black hole. We have plotted the event

horizons in Fig. 2.2-2.3 for different values of massM , charge Q, parameter β and

spinning parameter a. Like, the Kerr-Newman black hole, the rotating spacetime

(2.8) has two horizons, viz., the Cauchy horizon and the event horizon. The

figures reveal that there exists set of values of parameters for which we have two

horizons, i.e., a black hole with both inner and outer horizons. One can also

find values of parameters for which one gets an extremal black hole where the

two horizons coincide. The region between the static limit surface and the event
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Figure 2.5: Plots showing the radial dependence of gtt component of metric tensor for the

different values of Born-Infeld parameter β and electric charge Q (withM = 1). Top, left panel

is for β = 0.05, a = 0.45 and α = π/6. Top, right panel is for β = 0.5, a = 0.45 and α = π/6.

Bottom, left panel is for β = 0.05, a = 0.45 and α = π/3. Bottom, right panel is for β = 0.5,

a = 0.45 and α = π/3.

horizon is termed as quantum ergosphere, where it is possible to enter and leave

again, and the object moves in the direction of the spin of black hole. We have

numerically studied the horizon properties for nonzero values of a, β and Q (cf.

Fig. 2.4) by solving Eq. (2.10). It turns out that the Born-Infeld parameter β

makes a profound influence on the horizon structure when compared with the

Kerr black hole. We find that for a given values of parameters β,Q, there exist

extremal value of a = aE and r = rEH such that for a < aE, Eq. (2.10) admits two

positive roots , which corresponds to respectively, a black hole has two horizons

or black hole with both Cauchy and event horizons. We found no root at a > aE

’naked singularity’, see Fig. 2.4, i.e., existence of a naked singularity. Further, one
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Figure 2.6: Plots showing the radial dependence of gtt component of metric tensor for the

different values of parameter β and rotation parameter a (with M = 1). Top, left panel is for

β = 0.05, Q = 0.6 and α = π/6. Top, right panel is for β = 0.5, Q = 0.6 and α = π/6. Bottom,

left panel is for β = 0.05, Q = 0.6 and α = π/3. Bottom, right panel is for β = 0.5, Q = 0.6

and α = π/3.[55]
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can find values of parameters for which these two horizons coincide and we get

extremal black holes. Similarly, we have shown that for given values of parameters

a, β, we get an extremal value of Q = QE, for which two horizons coincide and

we get extremal black holes as shown in Fig. 2.4. Interestingly, the value of QE

decreases with increase in β.

Infinite red-shift surface or static limit surface. While in rotatig black hole, in

general, the horizon is also the surface where gtt changes sign, in rotating Einstein-

Born-Infeld, like Kerr-Newman, these surfaces do not coincide. The location of

infinite redshift surface or static limit surface requires the coefficient of dt2 to

vanish, i.e., it must satisfy

r2 − 2GMr +Q2 (r) + a2 cos2(θ) = 0. (2.11)

Eq. (2.11) is solved numerically for the behavior of the static limit surface which

is shown in Figs. 2.5 and 2.6. The Einstein-Born-Infeld metric (2.8) admits two

static limit surfaces r−SLS and r+
SLS corresponding to two positive roots of Eq. (2.11)

when the parameters M,Q, a, and β are chosen suitably (cf. Figs. 2.5 and 2.6).

Interestingly the radius of the static limit surface decreases with increase in the

value of parameter β. The static limit surface has similar extremal behavior which

is depicted in the Figs. 2.5 and 2.6). Like any other rotating black hole, there is a

region outside the outer horizon where gtt > 0. The region, i.e. r+
SLS < r < r+

EH

is called ergoregion, and its outer boundary r = r+
SLS is called the quantum

ergosphere.
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2.3 Horizon of Five-Dimensional Myers-Perry black hole

The metric of a 5D rotating Myers-Perry black hole in the Boyer-Lindquist

coordinates reads [57]

ds2 =
ρ2

4∆
dx2 + ρ2dθ2 − dt2 + (x+ a2) sin2 θdφ2

+(x+ b2) cos2 θdψ2 +
r2

0

ρ2

[
dt+ a sin2 θdφ+ b cos2 θdψ

]2

, (2.12)

with ρ2 and ∆ are given by

ρ2 = x+ a2 cos2 θ + b2 sin2 θ, ∆5D = (x+ a2)(x+ b2)− r2
0x.

It may be noted that the metric (2.12) is singular when ∆5D = grr = 0 and

ρ2 = 0. Here a and b are two spin parameters, and 0 ≤ φ ≤ 2π and 0 ≤ ψ ≤ π/2

are two angles. Following [58] instead of the radius r we use the coordinate x = r2

to simplify the calculations. The ADM mass of black hole is 2M = r2
0. Also note

that the metric (2.12) reduces to 5D Tangherlini solution [59] for a = b = 0.

The black hole horizon is determined by taking roots of the equation ∆5D = 0,

which admit solutions

x± =
1

2

[
r2

0 − (a2 + b2)±
√

[r2
0 − (a2 + b2)]2 − 4a2b2

]
.

Here, x+ denotes outer horizon and x− the inner horizon. It is clear that the

metric (2.12) describes non-extremal black hole for x+ > x− and when x+ = x−,

one obtains an extremal black hole. The horizon exists when a2 + b2 < r2
0 and

[r2
0−(a2+b2)]2 ≥ 4a2b2. This defines a region in the (a, b) where metric represents

black hole and not a naked singularity.

Eq. (3.2), when a = b, yields

x± =
1

2
(r2

0 − 2a2 ±
√
r4

0 − 4a2r2
0). (2.13)

The extremal black hole occurs when r2
0 = 4a2 horizon merges. On the other hand

for r2
0 < 4a2 we have a naked singularity and black hole occurs when r2

0 > 4a2. It
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Figure 2.7: Plots showing the radial dependence of spin parameter a and b for the horizon. i)

For spin parameter a 6= b. ii) For a = b.

may be noted that the event horizon r+ is smaller for the larger value of rotation

parameter a.

photon sphere

horizon
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Figure 2.8: Plots showing the radial dependence of spin parameter for the horizon and light

rays sphere for a = b.

The metric (2.12) is invariant on taking the following transformation:

a↔ b, θ ↔
(π

2
− θ
)
, φ↔ ψ. (2.14)

This metric possesses three killing vectors ∂t, ∂φ and ∂ψ. For a = b the metric

has two additional Killing vectors [58].
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In Fig. 3.2, we have shown the possible range of rotation parameters for the

case a 6= b and a = b. When a 6= b, range of rotation parameter is 0 < a < 1.4,

on the other hand for a = b it is 0 < a < 1/
√

2. In Fig. 2.8, we have shown the

change in the behaviour of light rays sphere with horizon for a = b case. It is

interesting to note that with the increase in the value of rotation parameter light

rays sphere is coming close to the central object, it is very important because light

rays sphere around black hole will show the shape of the shadow.

To study the equation of motion of light ray in the field of a 5D rotating

Myers-Perry black hole, we begin with the Lagrangian which reads

L =
1

2
gµνẋ

µẋν, (2.15)

where an overdot denotes the partial derivative with respect to an affine param-

eter. Therefore, the momenta calculated for the metric (2.12) are:

pt =

(
−1 +

r2
0

ρ2

)
ṫ+

r2
0

ρ2
φ̇+

r2
0b cos2 θ

ρ2
ψ̇,

pφ =
r2

0a sin2 θ

ρ2
ṫ+

(
x+ a2 +

r2
0a

2 sin2 θ

ρ2

)
sin2 θφ̇+

r2
0ab sin2 θ cos2 θ

ρ2
ψ̇,

pψ =
r2

0b cos2 θ

ρ2
ṫ+

r2
0ab sin2 θ cos2 θ

ρ2
φ̇+

(
x+ b2 +

r2
0b

2 cos2 θ

ρ2

)
cos2 θψ̇,

px =
ρ2

4∆5D
ẋ,

pθ = ρ2θ̇, (2.16)

where pt = −E, pφ = Lφ and pψ = Lψ correspond to energy and angular momen-

tum with respect to the respective rotation axis respectively.
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2.4 Energy emission from black hole

2.4.1 Energy emission from the Born-Infeld black hole

For completeness of our research here we investigate rate of the energy emission

from the Einstein-Born-Infeld black hole with the help of

d2E(ω)

dωdt
=

2π2σlim
expω/T − 1

ω3 , (2.17)

where T = κ/2π is the Hawking temperature, and κ is the surface gravity. At

outer horizon the temperature T is equal to ([55])

T =
2Q4

√
1 + ζ2(r+)− 2β2Q2r4

+

(
1 + 2

√
1 + ζ2(r+)

)
12β2πr5

+(a2 + r2
+)
√

1 + ζ2(r+)

+
3r4

+β
2D

12β2πr5
+(a2 + r2

+)
√

1 + ζ2(r+)
, (2.18)

where

D = −a2
√

1 + ζ2(r+) +

r2
+(
√

1 + ζ2(r+) + 2β2r2
+(
√

1 + ζ2(r+)− 1)) (2.19)

The limiting constant σlim defines the value of the absorption cross section vibra-

tion for a spherically symmetric black hole:

σlim ≈ πR2
s .

Consequently according to [60] we have

d2E(ω)

dωdt
=

2π3R2
s

eω/T − 1
ω3 .

The dependence of energy emission rate from frequency for the different values

of electric charge Q and parameter β is shown in Fig. 2.9. One can see that with

the increasing electric charge Q or parameter β the maximum value of energy

emission rate decreases, caused by horizon area decrease.
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Figure 2.9: Energy emission of black hole in Einstein-Born-Infeld gravity. Left panel is for

electric charge Q = 0.5 and right panel is for Born-Infeld parameter β = 0.05 ([55]).

2.4.2 Emission energy from Black hole in braneworld space-time

Now we consider the emission energy from the black hole in braneworld gravity

using expression (2.4.1). Where T =
√
M2−W 2

2π(M+
√
M2−W 2)

is Hawking temperatura in

the Braneworld gravity.

The dependence of emission energy rate from frequency for the different val-

ues of brane paramtere W is shown in Fig. 2.10. It is clearly shown that with

increasing brane parameter peak of the emission energy also increasing, because

of horizon.
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Figure 2.10: Emission energy of black hole in branewolrd space-time for different value of brane

parameter W .
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2.4.3 Energy emission from the 5D black hole

It is well known that, at high energy the absorption cross section of a black hole

oscillates around a limiting constant value and the black hole shadow corresponds

to its high energy absorption cross section for the observer located at infinity. The

limiting constant value has been given in terms of geodesics, and is also analyzed

for wave theories. For a black hole endowed with a light ray sphere, the limiting

constant value is same as the geometrical cross section of this light ray sphere

[61]. Here, we can use expression (2.4.1) for computing the energy emission rate.
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Figure 2.11: Plots showing the rate of energy emission varying with the frequency for different

values of rotation parameter.

Hawking temperature is equal T = (r2
+− a2)r+r

2
0/2π(r2

+ + a2)3(([57])) for the 5D

rotating black hole.

In Fig. 2.12, we plot the energy emission rate versus frequency for different

value of rotation parameter and it is seen that with the increase in the values of

rotation parameter the peak of energy emission rate decreases.

2.4.4 Energy emission from the 6D black hole

As the next step we consider energy emission from rotating black hole in higher

dimensional Gauss-Bonnet gravity using expresion 2.4.1. For calculation emission
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Figure 2.12: Dependence of the energy emission from the frequency for the different values of

spin parameter a: a/M = 0.1 (solid line), a/M = 0.3 (dashed line), a/M = aextr/M = 3
√

3/16

(dot-dashed line). Left panel is for black hole in the Gauss-Bonnet and right panel is for 4D

black hole in the Kerr space-time.

energy from the black hole, we need Hawking temperature. And one can easily

find Hawking temperature as following for the Gauss-Bonnet black hole: T =

r2+−3a2

8πr+(r2++a2)
(([31])), which can be computed from this expression T = k/2π, k is

surface gravity. Rs is radius of shadow which is shown in Fig. 4.19 for the second

order Lovelock space-time and ω.

Fig. 2.12 shows energy emission of rotating black hole in Gauss-Bonnet and

Kerr space-time for the different values of spin parameters a: a = 0.1 (solid line),

a = 0.2 (dashed line), a = 0.3 (dot-dashed line). The rate of energy emission

decreases as the rotation parameter increases. The emission is more intense for

the Kerr as compared to GB black hole.

2.5 Conclusion

In this chapter we have studied the event horizon structure around rotating

Einstein-Born-Infeld black hole and Five dimensional Myers-Perry black hole. We

also studied the energy emission from the black hole due to thermal radiation.

We have investigated the horizon structure of the charged rotating black hole
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solution in Einstein-Born-Infeld theory, and explicitly discuss the effect of the

Born-Infeld parameter β into event horizon and optical properties of black hole.

Further, this rotating Einstein-Born-Infeld black hole solution generalizes both

Reissner-Nordstrom (β →∞ and a = 0) and Kerr-Newman solutions (β →∞).

Interestingly, it turns out that for given values of parameters {M ; Q; β} , there

exists a = aE for which the solution (2.8) can be an extremal black hole, which

decreases with increase in the parameter. Further, we have also analyzed infinite

red-shift surfaces, ergo-regions, energy emission and Hawking temperature of the

rotating Einstein-Born-Infeld black hole. The Einstein-Born-Infeld black hole’s

horizon structure has been studied for the different values of electric charge Q

and Born-Infeld parameter β, which explicitly demonstrates that outer (inner)

horizon radius decreases (increases) with increase in the electric charge Q and

Born-Infeld parameter β. The analysis of obtained numerical solutions shows,

that the obtained results are different from the Kerr-Newman case due to non-

zero Born-Infeld parameter. We have also analyzed energy emission and Hawk-

ing temperature of the rotating Einstein-Born-Infeld black hole, black holes in

Braneworld and in higher dimension gravity models.

The analysis of the energy emission from the black hole due to thermal radia-

tion shows that the increase the black hole brane tidal charge causes the increase

the energy release process.

The study of the energy emission rate versus the frequency for the five dimen-

sional rotating black hole for different values of the rotation parameter shows,

that with the increase in the values of the rotation parameter the peak of the

energy emission rate decreases.
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Chapter III

Particle motion around axial-symmetric

compact object

3.1 Introduction

Until now it is not found any observational proof of existence of gravitomag-

netic monopole, i.e. so-called NUT [62] charge. Investigation of the massive and

light ray motion in NUT spacetime may provide tool for studying new important

general relativistic effects which are associated with nondiagonal components of

the metric tensor and have no Newtonian analogues. [63, 64, 65] studied the

solutions for electromagnetic waves and interferometry in spacetime with NUT

parameter. [66] considered Kerr-Taub-NUT spacetime with Maxwell and dilation

fields. The Penrose process in the spacetime of rotating black hole with nonvan-

ishing gravitomagnetic charge has been considered by [67].

The geodesics of test charged (both electrically and magnetically charged) test

particles in the Reissner-Nordström and Taub-NUT space-times fully analyzed

by [68, 69]. [70, 68] considered higher-dimensional black hole spacetimes and null

geodesics. In refs. [70] the parallel transport equations in the higher-dimensional

Kerr-NUT-(A)dS spacetimes have been studied in detail. Magnetized black hole

on the Taub-NUT instanton has been considered by [71]. [72] made detailed
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analyse of few geometrical properties of Taub-NUT space-time metric.

3.2 Null geodesics in Kerr-Taub-NUT black hole

In this section we will study light ray trajectory around a rotating black hole

with the total mass M in the presence of non vanishing gravitomagnetic charge.

This black hole is described by the space-time metric [62]:

ds2 = − 1

Σ

(
∆l − a2 sin2 θ

)
dt2 +

1

Σ

[
(Σ + aχ)2 sin2 θ − χ2∆l

]
dφ2

+Σ

(
dr2

∆l
+ dθ2

)
+

2

Σ
(∆lχ− a(Σ + aχ) sin2 θ)dtdφ. (3.1)

In above expression the following notations ∆,Σ, and χ are defined as

∆l = r2 + a2 − l2 − 2Mr, Σ = r2 + (l + a cos θ)2, χ = a sin2 θ − 2l cos θ,

and a is the specific angular momentum of the black hole (a = J/M) and l is the

gravitomagnetic charge. One can determine the event horizon by largest root of

the equation ∆l = 0. The solution has the following form

r+ = M + (M 2 − a2 + l2)1/2. (3.2)

It is obvious that light coming from the distant source will be deflected by

the gravitational influence by the black hole originated between observer and the

source of the light. The deflection is going to increase with the decreasing of

impact parameter of the light ray and eventually the light ray emitted by the

distant source can be captured by black hole. At the end this effect cause no-light

zone or dark zone in the sky due to the existence of black hole between observer

and light source. The above mentioned dark zone is called shadow of the black

hole and the shape of it is totally defined geodesics of light rays trajectory. one

can use the Hamilton-Jacobi equation to obtain the equation of motion of light
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rays in the given space-time metric, in our case in space-time metric of rotating

black hole with non vanishing gravitomagnetic charge:

∂S

∂τ
= −1

2
gαβ

∂S

∂xα
∂S

∂xβ
, (3.3)

here τ is an affine parameter along the null-geodesics. In order to separate vari-

ables (the separable problem of Hamilton-Jacobi equation in Kerr-Taub-NUT

spacetime has been studied by [73]), one can choose the action for light ray in the

following form:

S =
1

2
m2τ − Et+ Lφ+ Sr(r) + Sθ(θ) , (3.4)

here m is the mass of a test particle. By E and L we designated the energy and

the angular momentum of the particle, respectively. Putting the rest mass of light

ray as zero m = 0 one may solve the Hamilton-Jacobi equation for null-geodesics

Σ
dt

dτ
=

r2 + a2 + l2

∆l

[
(r2 + a2 + l2)E − aL

]
+

χ

sin2 θ
(L − χE), (3.5)

Σ
dφ

dτ
=

a

∆l

[
(r2 + a2 + l2)E − aL

]
+

1

sin2 θ
(L − χE), (3.6)

Σ
dr

dτ
=
√
R, (3.7)

Σ
dθ

dτ
=
√

Θ, (3.8)

here R(r) and Θ(θ) are introduced notations and they have the following form:

R =
[
(r2 + a2 + l2)E − aL

]2 −∆l

[
K + (L − aE)2

]
, (3.9)

Θ = K +

[(
a2 − 4l2

sin2 θ

)
E2 − L2

sin2 θ

]
cos2 θ + 4lE

(
aE − L

sin2 θ

)
cos θ,(3.10)

where K is Carter constant. Defining the effective potential for light ray as

(dr/dτ)2 = Veff one may study the radial motion of light ray in the presence

of gravitomagnetic charge. In the Fig. 3.1 the radial dependence of the effective

potential of radial light rays motion is shown. From the figure it is seen that with

the increase of the gravitomagnetic charge the shape of the effective potential is
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going to shift to the observer at infinity. This corresponds to increasing the event

horizon of the Kerr-Taub-NUT black hole. Moreover, one may conclude from the

Fig. 3.1 that with the increase of the gravitomagnetic charge the circular orbits

of light rays become unstable.
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Figure 3.1: The radial dependence of the effective potential of radial motion of the light rays

for the different values of the gravitomagnetic charge: solid line for l/M = 0, dashed line for

l/M = 0.5, and dot-dashed line for l = 0.9.

Light rays trajectory around rotating black hole with non vanishing gravit-

omagnetic charge can be described using the expressions (3.5)–(3.8). One may

easily introduce the following two impact parameters: ξ = L/E , η = K/E2 in

order to clarify the light rays trajectory in complete way. Now it useful to use the

equation (3.7) for defining the shape of the dark zone created by rotating black

hole with non vanishing gravitomagnetic charge. The condition of being bound-

ary of shadow is the following: R(r) = 0 = dR(r)/dr. Using this condition one

can obtain the following equations:

ξ(r) =
a2(1 + r) + r2(r − 3) + l2(1− 3r)

a(1− r)
, (3.11)

η(r) =
1

a2(r − 1)

{
r3[4a2 − r(r − 3)2]− l2

[
4r2a2

+ (1− 3r)(l2(1− 3r)− 6r2 + 4a2r + 2r3)
]}

. (3.12)
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3.3 Null geodesics in Einstein-Born-Infeld black hole space-

time.

Next, we turn our attention to the study the geodesic of a light ray in Einstein-

Born-Infeld black hole space-time. We need to study the separability of the

Hamilton-Jacobi equation using the approach due to Carter [74]. First, for gener-

ality we consider a motion for a particle with mass m0 falling in the background

of a rotating Einstein-Born-Infeld black hole. The geodesic motion for this black

hole is determined by the Hamilton-Jacobi equations (3.3). For this black hole

background the Jacobi action S can be separated as expression 3.4 Like the Kerr

space-time, rotating Born-Infeld black hole also has two Killing vector fields due

to the assumption of stationarity and axisymmetry of the space-time, which in

turn guarantees the existence of two conserved quantities for a geodesic motion,

viz. the energy E and the axial component of the angular momentum L. Thus,

the constants m0, E, and L correspond to rest mass, conserved energy and rota-

tion parameter related through m2
0 = −pµpµ, E = −pt, and L = pφ. Obviously

for a light ray null geodesic, we have m0 = 0, and from (3.3) we obtain the null

geodesics in the form of the first-order differential equations

ρ2 dt

dτ
=

r2 + a2

∆

[
(r2 + a2)E − aL

]
+ a(L− aE sin2 θ), (3.13)

ρ2dφ

dτ
=

a

∆

[
(r2 + a2)E − aL

]
+

(
L

sin2 θ
− aE

)
, (3.14)

ρ2dr

dτ
=
√
R, (3.15)

ρ2dθ

dτ
=
√

Θ, (3.16)

where the functions R(r) and Θ(θ) are defined as

R =
[
(r2 + a2)E − aL

]2 −∆
(
K + (L− aE)2

)
, (3.17)

Θ = K + cos2 θ

(
a2E2 − L2

sin2 θ

)
.
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Figure 3.2: The radial dependence of effective potential Veff for the light ray for the different

values of electric charge Q. Left panel is for β = 0.05 and a = 0.5; right one is for β = 0.5 and

a = 0.5.
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Figure 3.3: The radial dependence of effective potential Veff for the light rays for the different

values of rotation parameter a. Left panel is for β = 0.05 and Q = 0.6; right one is for β = 0.5

and Q = 0.6.

Thus, we find that Hamilton-Jacobi Eq. (3.3), using (3.4), is separable due ex-

istence of K namely Carter constant of separation. The above equations govern

the light propagation in the Einstein-Born-Infeld black hole background. Obvi-

ously, for Q = 0, they are just the null geodesic equations for the Kerr black hole.

The constant K = 0 is the necessary and sufficient condition for particles motion

initially in the equatorial plane to remain there. Any particle which crosses the

equatorial plane has K > 0. The discussion of effective potential is a useful tool

for describing the motion of test particles. Further, we have to study radial motion

of light ray around black hole for determining the black hole shadow boundary.

The radial equation for timelike particles moving along geodesic in the equatorial
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plane (θ = π/2) is described by

1

2
ṙ2 + Veff = 0, (3.18)

with the effective potential

Veff = − [E(r2 + a2)− La]2 −∆(L− aE)2

2r4
. (3.19)

From the last expression (3.19) one can easily get the plots presented in Figs. 3.2

and 3.3. There we have considered light rays trajectory around Einstein-Born-

Infeld black hole for the different values of electric charge Q and parameter β. It

is shown that with increasing electric charge Q or rotating parameter a particle

is going to come closer to the central object.

3.4 The geodesic equations of rotating non-Kerr black holes

The deformed Kerr-like metric which describes a stationary axisymmetric, and

asymptotically flat vacuum spacetime, in the standard Boyer-Lindquist coordi-

nates, can be expressed as [34]

ds2 = −
(

1− 2Mr

Σ2

)
(1 + h)dt2 +

Σ2(1 + h)

∆ε + a2h sin2 θ
dr2 +

Σ2dθ2 − 4aMr sin2 θ

Σ2
(1 + h)dtdφ+

sin2 θ

[
Σ2 +

a2(Σ2 + 2Mr) sin2 θ

Σ2
(1 + h)

]
dφ2, (3.20)

where

Σ2 = r2 + a2 cos2 θ, ∆ε = r2 − 2Mr + a2.

The metric (3.43) is a class of Kerr-like black-hole metrics which describes a sta-

tionary, axisymmetric, and asymptotically flat vacuum spacetime. Together with

the mass and spin of the black hole, this spacetime metric contains parameters
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that measure potential deviations from the Kerr metric and reduces to the Kerr

metric in Boyer-Lindquist coordinates in the case when h(r) = 0. The function

h(r) can be chosen as

h(r) =
∞∑
k=0

εk

(
M

r

)k
,

and the constraints on εk can be found from asymptotical properties of the metric

(3.43). In the limit of large radii the stationary and asymptotically flat spacetimes

are Schwarzschild-like [75]

ds2 = −
(

1− 2M

r
+O(r−2)

)
dt2

−
(

4a

r
sin2 θ +O(r−2)

)
dtdφ

+
(
1 +O(r−1)

) (
dr2 + r2dθ2 + sin2 θdφ2

)
. (3.21)

In the r →∞ limit the metric (3.43) will take the following form:

ds2 = −
(

1− 2M

r
+ h(r)

)
dt2

−4a(1 + h(r))

r
sin2 θdtdφ

+

(
1 +

2M

r
+ h(r)

)
dr2 + r2dθ2 + sin2 θdφ2. (3.22)

The requirement of the asymptotic flatness of the metric implies that ε0 = ε1 =

0. In the parameterized post-Newtonian (PPN) approach [76] the asymptotic

spacetime expressed in the form

ds2 = −
(

1− 2M

r
+ 2(β − γ)

M 2

r2

)
dt2

+

(
1 + 2γ

M

r

)
dr2 + r2dθ2 + sin2 θdφ2, (3.23)

where β and γ are the dimensionless PPN parameters. Comparision the constraint

on β obtained from Lunar Laser Ranging experiment [77] as

|β − 1| ≤ 2.3 · 10−4,

52



and asymptotical expression of metric (3.43) given in (3.22) gives the value of

ε2 = 0. Thus our choice of the function h(r) to be third power of M/r as in

Ref. [78] as

h(r, θ) = ε3
M 3r

Σ4
.

Further in the text we drop the index 3 and use the ε as deformation parameter.

The quantity ε > 0 or ε < 0 corresponds to the cases in which the event horizon

of compact object is more prolate or oblate than that of the Kerr black hole,

respectively. As ε = 0, the black hole is reduced to the typical Kerr black hole

well known in general relativity.

Note that the spacetime metric (3.43) is stationary and axisymmetric and

chosen h(r, θ) ensures the preservation of the properties of the Kerr metric. In

general relativity, the Einstein tensor of metric (3.43) is nonzero for nonvanishing

h(r, θ). One should regard the metric (3.43) as a vacuum spacetime of modified

set of field equations which are unknown but different from the Einstein equations

for nonzero h(r, θ).

From the Hamilton-Jacobi equation (3.3) for light ray, the following equations

of motion are obtained:

Σ2 dt

dλ
=

r2 + a2

∆ε + a2h sin2 θ

[
(r2 + a2)E − aL

]
+

∆εa

∆ε + a2h sin2 θ
[L − aE sin2 θ], (3.24)

Σ2dφ

dλ
=

a

∆ε + a2h sin2 θ

[
(r2 + a2)E − aL

]
+

∆ε

∆ε + a2h sin2 θ
[
L

sin2 θ
− aE ], (3.25)

Σ2

1 + h

dr

dλ
=
√
R, (3.26)

Σ2 dθ

dλ
=
√

Θ, (3.27)
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Figure 3.4: The radial dependence of the effective potential of radial motion of the light rays

around black hole for the different values of the ε parameter: solid line for ε = 0, dashed line

for ε = −5, dot-dashed line for ε = −10 (left panel), and solid line for ε = 0, dashed line for

ε = 5, dot-dashed line for ε = 10 (right panel)

where the functions R(r) and Θ(θ) are defined as

R =
[
(r2 + a2)E − aL

]2 −∆ε[K + (L − aE)2], (3.28)

Θ = K − Σ2

sin2 θ
[aE sin2 θ − L]2,

(3.29)

with K as Carter constant of separation.

In the Fig. 3.4 the radial dependence of effective potential of the light rays

radial motion is shown. When ε < 0 with decreasing the value of deformation

parameter one may observe the increase of light rays sphere. The stability of

circular orbits is decreasing with the increase the module of negative ε. From this

dependence one can easily see that with the increase of ε parameter stable circular

light ray orbits come closer to the central object. Then the stability of light ray

orbits will also increase with the increasing the parameter ε. The similar effect

for the particle motion around rotating non-Kerr black hole has been found in

the paper [79] where it was shown that with the increase of the parameter ε the

radius of the innermost stable circular orbits at the equatorial plane is decreasing.

The equations (3.24)-(3.27) determine the propagation of light in the non-
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Kerr spacetime (3.43). The light ray is in general, characterized by two impact

parameters which can be expressed in terms of the constants of motion E , L and

the Carter constant K. Combining these quantities we define as usual ξ = L/E

and η = K/E2 which are the impact parameters for general orbits around the

black hole. We use Eq.(3.26) to derive the orbits with constant r in order to

obtain the boundary of the shadow of the black hole. These orbits satisfy the

conditions R(r) = 0 = dR(r)/dr which are fulfilled by the values of the impact

parameters that determine the contour of the shadow, namely

ξ(r) =
a2(1 + r) + r2(r − 3)

a(1− r)
, (3.30)

η(r) =
r3[4a2 − r(r − 3)2]

a2(1− r)2
. (3.31)

3.5 Null geodesics in 5D rotating black hole

In order to analyze the general orbit of light ray around a black hole, we study

the separability of the Hamilton-Jacobi equation for which we adopt the approach

originally suggested by Carter [74]. From (3.3) and (3.4) we can conclude:(
∂Sθ
∂θ

)2

− E2(a2 cos2 θ + b2 sin2 θ) +
L2
φ

sin2 θ
+

L2
ψ

cos2 θ
= K, (3.32)

and

4∆5D

(
∂Sx
∂x

)2

− E2x− r2
0(x+ a2)(x+ b2)

∆5D
Σ2

−(a2 − b2)

(
L2
φ

(x+ a2)
−

L2
ψ

(x+ b2)

)
= −K, (3.33)

with K as a constant of separation and

Σ = E +
aLφ
x+ a2

+
bLψ
x+ b2

.

Equations (3.32) and (3.33) can be recast into the form:

∂Sθ
∂θ

=
√

Θ,
∂Sx
∂x

=
√
X,
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Figure 3.5: Plots showing the radial dependence of effective potential for rotation parameter a

and b. (Left) For different values of a: a = 1.2 (solid line), a = 1 (dashed line), a = 0.9 (dot

dashed line) and b = 0. (Right) For different values of a = b: a = 0.4 (solid line), a = 0.3

(dashed line), a = 0.2 (dot dashed line).

where X is given by

X =
R

4∆2
5D

.

Here functions Θ and R are given by

Θ = E2(a2 cos2 θ + b2 sin2 θ)− cos2 θ

sin2 θ
L2
φ −

sin2 θ

cos2 θ
L2
ψ +K, (3.34)

R = ∆5D

[
xE2 + (a2 − b2)

(
L2
φ

(x+ a2)
−

L2
ψ

(x+ b2)

)
−K

]
+

r2
0(x+ a2)(x+ b2)Σ2. (3.35)

We can write the Hamilton-Jacobi action in terms of these functions:

S =
1

2
m2λ− Et+ Lφφ+ Lψψ +

∫ θ√
Θdθ +

∫ x√
Xdx. (3.36)
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Hence from the Hamilton-Jacobi equation, the null geodesic equations are

ρ2θ̇ =
√

Θ,

ρ2ẋ = 2
√
R,

ρ2ṫ = Eρ2 +
r2

0(x+ a2)(x+ b2)

∆5D
Σ,

ρ2φ̇ =
Lφ

sin2 θ
− ar2

0(x+ b2)

∆5D
Σ− (a2 − b2)Lφ

(x+ a2)
,

ρ2ψ̇ =
Lψ

cos2 θ
− br2

0(x+ a2)

∆5D
Σ +

(a2 − b2)Lψ
(x+ b2)

. (3.37)

These equations governs the propagation of light in the spacetime of 5D black

hole. In order to obtain the boundary of the shadow of the black hole, we need

to study the radial motion of light ray. First, we rewrite the radial equation as

ρ2ṙ =
√
R. (3.38)

The effective potential reads

Veff =
1

2

∆5D

ρ2

[
xE2 + (a2 − b2)

[
L2
φ

(x+ a2)
−

L2
ψ

(x+ b2)

]
−K
]

+ r2
0(x+ a2)(x+ b2)Σ2. (3.39)

One can think of an effective potential for the light rays, which has a barrier with

a maximum, goes to negative infinity below the horizon, and asymptotes to zero

at x → ∞. In the simplest case of Schwarzschild case, the effective potential

for light ray has a maximum at 3M , the location of the unstable orbit (there is

no minimum of this potential). For rotating case, the picture is qualitatively the

same, but a little more complex, because the spin breaks the spherical symmetry

of the system. The general behavior of effective potential for the 5D Myers-Perry

black as a function of x for different values of rotation parameter is shown in

Fig. 3.5. For b = 0 and varying a, the effective potential shows one maximum

and one minimum which corresponds to the unstable and stable circular orbits,
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respectively. It is seen that with the increase in the value of rotation parameter

peak of the graph shifts to left which signifies that the circular orbits are shifting

towards the central object. For a = b, it is observed that there is only one

minimum which shows the presence of stable circular orbits.

Now, we know that the equation of motion defined in Eq. (3.37) determines

the propagation of light in the space time of 5D rotating black hole. The apparent

shape of the black hole can be found by looking for the orbits around the black

hole. Every orbit can be characterized by three impact parameters, which can

be expressed in terms of constants of motion E, Lφ and Lψ and the constant

of separability K. Combining these quantities, we define as usual ξ1 = Lφ/E,

ξ2 = Lψ/E and η = K/E2, which are impact parameters for general orbits around

the black hole. Henceforth, for simplicity of analysis equal values of rotation

parameters (a = b), we assume a = b, which gives

R =
[
(x+ a2)2 − r2

0

](
xE2 −K

)
+ r2

0(x+ a2)2

×
[
E +

a

x+ a2
(Lφ + Lψ)

]2

. (3.40)

The apparent shape of the black hole can be found by looking for the unstable

orbits. We use Eq. (3.5) to derive the orbits with constant r in order to obtain the

boundary of shadow of the black holes, which requires Veff = 0, ∂Veff/∂r = 0 (or

R(r) = 0 = ∂R(r)/∂r), which are fulfilled by the values of the impact parameters

that determine the contour of the shadow, namely

η(r) =
a6 − 5x2 + 2x3 + a4(1 + 5x) + a2x(7x− 4)− 2(a4 + 2a2x+ x(x− 2))

√
a2 + x

2(x+ a2 − 1)2
,(3.41)

ξ1(r) + ξ2(r) =
−a4 + 2a2(x− 1) + x2 + (a4 + 2a2x+ x(x− 2))

√
a2 + x

2a(x+ a2 − 1)
.(3.42)
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3.6 Particle motion around 6D rotating black hole

We wish to consider a pure Gauss-Bonnet rotating black hole in the critical 6

dimension (in odd d = 5 GB gravity is kinematic; i.e. GB flat and it becomes

dynamic in even d = 6 [80]). There does not exist an exact solution of pure

GB vacuum equation for an axially symmetric spacetime representing a rotating

black hole. This is simply because the equations are very formidable to handle.

However for Einstein gravity in 4 dimension there is the well known Newman-Janis

algorithm for converting a static black hole into a rotating one without solving

the equation. This may however not be applicable for GB gravity and in higher

dimension [81]. Secondly one of us [82] has recently obtained the Kerr metric by

appealing to the two simple physical considerations. One, it should incorporate

Newton’s law in the first approximation, and second, since one is free to choose

affine parameter for a null curve and hence the radial coordinate is chosen as affine

parameter for radially falling light ray. For this, one begins with an appropriate

spatial geometry which has ellipsoidal symmetry and then implement these two

common sense inspired physical considerations, and what results is the metric [83]

considered here. This can describe a rotating black hole, though it is not an exact

solution of pure GB vacuum equation, yet it has all the features of the usual Kerr

metric. It however does satisfy the equation in the leading order. It has all the

characteristics of a rotating black hole in existence of ergosphere, and the right

limits; for a = 0 it reduces to pure GB static black hole while M = 0 leads to flat

space. It is therefore perfectly appropriate metric for studying a rotating black

hole in pure GB gravity. We shall thus employ this rotating black hole metric for

studying its various physical properties.

The stationary axisymmetric metric for pure GB rotating black hole in the

standard Boyer-Lindquist coordinates reads as [83]
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ds2 = −∆6D

Σ

[
dt− a2 sin2 θdφ

]2

+
Σ

∆6D
dr2

+Σdθ2 +
sin2 θ

Σ

[
(r2 + a2)dφ− adt

]2

+r2 cos2 θ
[
dψ2 + sin2 ψdχ2

]
, (3.43)

with

∆6D = r2 + a2 −M 1/2r3/2 , Σ = r2 + a2 cos2 θ , (3.44)

where M and a have usual meaning of the total mass and specific angular mo-

mentum.

The spacetime (3.43) has horizon when t = const becomes null; i.e. ∆6D = 0

which has the following four roots

r+,− =
M

4
+

C

4
√

3
±
√

3M 2

16
− a2 − C2

192
+
√

3
M 3 − 8a2M

8C
, (3.45)

r3,4 =
M

4
− C

4
√

3
±
√

3M 2

16
− a2 − C2

192
−
√

3
M 3 − 8a2M

8C
,

(3.46)

with

C2 = 3M 2 − 16a2 +
64a4

A
+ 4A ,

A3 =
27

2
a4M 2 − 64a6 + 3

√
3a4MD , D =

√
27

4
M 2 − 64a2 .

The function under the square root in expression (3.46)

F1(a,M) =
3M 2

16
− a2 − C2

192
−
√

3
M 3 − 8a2M

8C

is always negative and consequently r3,4 is not real, while the function under the

square root in expression (3.45)

F2(a,M) =
3M 2

16
− a2 − C2

192
+
√

3
M 3 − 8a2M

8C
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is non-negative for the range of rotation parameter |a| ≤ 3
√

3M/16 (see Fig. 3.8),

the equality indicates the extremal value of the rotation parameter. It is r+,− that

mark outer and inner horizons of the hole. The static limit is defined where the

time-translation Killing vector ξα(t) becomes null (i.e. g00 = ∆6D − a2 sin2 θ =

0). The region bounded by the outer horizon and the static limit defines the

ergosphere (See Fig. 1), the extent of which increases with the rotation a of the

hole.

3.6.1 Geodesics and circular orbits

In order to study particle motion around six dimensional pure GB black hole

we first write the Hamilton-Jacobi equation (3.3) and (3.4), for Hamiltonian [84,

58, 57]:

S =
1

2
m2σ − Et+ Lφ+ Sr(r) + Sθ(θ) +Wχ+ TΨ(Ψ) , (3.47)

where m is mass, E and L are conserved energy and angular momentum of the

particle.

The issue of the separability of the Hamilton-Jacobi equation in higher dimen-

sional spacetime has been widely studied in the literature [84, 58, 57]. Particularly,

the authors of the paper [84, 58] have shown that the spacetime metric (3.43) is

Petrov type D.

For null geodesics (when m = 0), one can get the equations of motion from the
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Hamilton-Jacobi equation (3.3) as

Σ
dt

dσ
= a(L − aE sin2 θ) +

r2 + a2

∆6D

[
(r2 + a2)E − aL

]
, (3.48)

Σ
dφ

dσ
= (

L
sin2 θ

− aE) +
a

∆6D

[
(r2 + a2)E − aL

]
, (3.49)

cos2 θ
dχ

dσ
=

csc2 ψ

r2
W , (3.50)

Σ
dr

dσ
=
√
R , (3.51)

Σ
dθ

dσ
=
√

Θ , (3.52)

cos2 θ
dψ

dσ
=

W
r2 sinψ

, (3.53)

where new functions R(r) and Θ(θ)

R =
[
(r2 + a2)E − aL

]2 −∆6D[K + (L − aE)2] , (3.54)

Θ = K − 1

sin2 θ
[aE sin2 θ − L]2 (3.55)

are introduced.

The conserved quantity W exists only when θ 6= π/2 and is similar to angular

momentum. So called Carter constant K characterizes together with the quanti-

ties E , W and L the geodetic motion. The Carter constant is not related to any

isometry of the space-time unlike the conserved quantities E , W and L.

By defining ξ = L/E , η = K/E2 and ζ = W/E and using Eq. (3.51) we get

for the circular orbits characterized by R(r) = 0 and dR(r)/dr = 0,

ξ(r, a) =
a2(2r + 3r1/2) + r2(2r − 5r1/2)

a(3r1/2 − 2r)
, (3.56)

η(r, a) =
8a2r7/2 − r4(2r − 5r1/2)2

a2(2r − 3r1/2)2
. (3.57)

3.6.2 Timelike circular orbits

Consider the equation of motion of test particle with nonzero rest mass at the

equatorial plane (θ = π/2 , θ̇ = 0). The equations of motion take the following
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form

m
dt

dσ
= −
Er2 − aL

√
M/r + a2E

(√
M/r + 1

)
a2 −M 1/2r3/2 + r2

, (3.58)

m
dφ

dσ
=
L+ (aE − L)M 1/2r−1/2

a2 −M 1/2r3/2 + r2
, (3.59)

m2

(
dr

dσ

)2

= E2 − Veff , (3.60)

where

Veff = m2

(
1−

√
M

r

)
− (L − aE)2M 1/2

r5/2
+
L2 − a2(E2 −m2)

r2
(3.61)

is the effective potential for radial motion. Note that for the orbits in the equa-

torial plane the new conserved quantity W does not appear in the equations

of motion. In Fig. 3.6 the radial dependence of the effective potential of radial

motion in equatorial plane has been shown for the fixed specific value of the ro-

tation parameter a = M . The increase of the momentum of the particle leads to

the increase of the peak of the potential: initially infalling test particles become

bounded or escaped with the increase of the momenta.

The conditions of occurrence of circular orbits are

dr

dσ
= 0 , V ′eff(r) = 0 .

From these equations, it follows that energy E and angular momentum L of a

circular orbit of radius rc are given by

E2 =

[
a2(12

√
r − 11)r2 − 4(

√
r − 1)2(4

√
r − 5)r7/2

±4ar5/4(a2 − r3/2 + r2)

]
×
[
16a2r5/2 − (5− 4

√
r)2r4

]
, (3.62)

L2 =

[
5r6 − a4(11 + 4

√
r)r2 − 4r13/2 + 2a2(10− 11

√
r − 4r)r7/2

±(a2 − r3/2 + r2)(20r2 + 4a2)

]
×
[
16a2r5/2 − (5− 4

√
r)2r4

]−1

,(3.63)
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Figure 3.6: The radial dependence of effective potential for the different values of angular

momentum and rotation parameter. The left plot corresponds to the case when a varies and

the graphs are plotted for the different values of rotation parameter: a/M = 0.1 (dotted

line), a/M = 0.3 (dashed line), and a/M = aextr/M = 3
√

3/16 (solid line). The right plot

corresponds the case to the case when L varies and the graphs are plotted for the different

values of the angular momentum of the particle: L/Mm = 1 (dotted line), L/Mm = 5 (dashed

line), and L/Mm = 10 (solid line)

where + and − signs correspond to the co-rotating and counter-rotating particles.

In the Fig. 3.7 we have shown energy and angular momentum of the co and

counter rotating orbits in the equatorial plane for different values of rotation

parameter a. One can easily see the shift in location of the minimal circular orbit

(MC) marking the existence limit given by the light ray circular orbit and the

innermost stable circular orbits (ISCO). The MC and ISCO come closer to the

hole with increase in a for co-rotating orbits while opposite happens for counter

rotating ones.

The vanishing of denominator in the expressions for E and Lmarks the location

of light ray circular orbit or MC while for ISCO we have dr/dσ = V ′eff(r) = 0

and V ′′eff(r) ≥ 0. In Fig. 3.8 we have shown three regions as dark, light grey and

white marking the boundaries of stable, unstable and no circular orbits. The

inner boundary of light grey is defined by light ray circular orbit and the white

region bounded between it and the horizon is the one where no circular orbits can
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Figure 3.7: The radial dependence of energy (left) and angular momentum (right) squared of

counter-rotating (upper plots) and co-rotating (lower plots) particle at circular orbits for the

different values of parameter a = 0.1 (solid line), 0.3 (dashed line), and 3
√

3/16 (dotted line).

exist. This is the region between 3M and 2M for the Schwarzschild black hole. As

expected these regions are quite similar to that of the 4-dimensional Kerr black

hole.

At this point it may be mentioned that bound orbits cannot exist for Einstein

gravity in dimensions ≥ 4 [7] in general and in particular their non-existence is

shown for 6-dimensional rotating black hole in Ref. [85]. For pure Lovelock gravity

they do always exist in all even dimensions, d = 2N + 2 [7].

3.7 Conclusion

In this chapter we have considered the equation of motion of test particles

around rotating black hole with nonzero gravitomagnetic charge, around rotating

Einstein-Born-Infeld black hole, rotating deformed black hole and rotating black
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Figure 3.8: The regions of stable (dark grey) and unstable (light grey) circular orbits. The

black curve indicates the border of event horizon of 6-D Gauss-Bonnet black hole.

hole in higher dimensional theories.

The analysis of the effective potential of radial motion of the light ray show,

that with the increase of the gravitomagnetic charge the shape of the effective

potential is going to shift to the observer at infinity. This corresponds to increasing

the event horizon of the Kerr-Taub-NUT black hole.

The effective potential for geodesic motion of the light rays around rotating

Einstein-Born-Infeld black hole has been studied for the different values of the

electric charge and spin parameter of the black hole. With increasing either

rotation parameter or electric charge of black hole particle is moving closer to the

central object. Hence, circular orbit of the light ray becomes closer to the center

of rotating Einstein-Born-Infeld black hole.

It was obtained that the decrease of the negative values of the deformation

parameter of non-Kerr black holes causes the increase of light ray sphere. The

stability of circular orbits is decreasing with the increase the module of negative
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deformation parameter. It was shown that the increase of deformation parameter

stable circular light rays orbits come closer to the central object.

The particle motion in higher dimensional gravity models have been also con-

sidered. Analysis of the energy and angular momentum of the co and counter

rotating particle’s orbits in the equatorial plane show that the shift in location

of the minimal circular orbit marking the existence limit given by the light ray

circular orbit and the innermost stable circular orbits. The circular orbits come

closer to the hole with increase in a for co-rotating orbits while opposite happens

for counter rotating ones.
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Chapter IV

Optical properties and shadow of

axial-symmetric compact objects

4.1 Introduction

For last fifteen years supermassive BH Sagittarius A* at the center of the Milky

Way was observed by three orbiting X-ray telescopes. As a result we have much

more clarity in the patterns of Sgr A*[86]. During the last year X-ray flares level

of Sgr A* has increased. It coincides with the close passage of object named G2.

For years of study astronomers thought that G2 is a cloud of gas and dust. But

after passing close to Sgr A* at the end of 2013 G2 was almost not deformed by

Sgr A* gravity, so the theories arise, stating that G2 is a star or a binary with

dusty envelope. If the increase of X-ray flares is explained by G2, that will be the

first sign of black hole absorbing excess material falling from the passing cloud.

Sgr A* will have stripped some gas off G2. Hot material flowing towards the black

hole will enhance the production of X-ray flares[86]. Still tho question is open,

because thoere are other black holes with similar behaviour, so it’s possible that

the increased X-ray production is a common trait of supermassive black holes

and have no relation to G2. It may be, for example, caused by a change of stellar

wind from nearby massive stars. 150 Chandra and XMM-Newton observatories
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pointed at the center of our Galaxy were used in the analysis that was performed

over the last decade and a half, starting September 1999 up to November 2014.

Last stages of observations have shown six bright flares within three days, while

prognosis was only 0.8 bright flares on average[86].

It is strongly believed that there exist black holes in the centres of majority

galaxies, for instance, a widely accepted opinion that radio-source Sgr A* in the

galactic centre of Milky Way is likely to be a supermassive black hole [87, 88].

Since the galaxies are rotating, it is very likely that a black hole at the centre

of a galaxy also possesses a spin. There is a great interest to investigate nature

of the black holes, i.e., mass and spin of the black hole. Observation of black

hole shadow is one of the possible methods to determine the mass and spin of a

rotating black hole [89, 90, 28, 91]. Now, it is general belief that a black hole, if

it is in front of a bright background produced by far radiating object, will cast a

shadow. The apparent shape of a black hole silhouette is defined by the boundary

of the black and it was first studied by Bardeen [92]. The ability of very long

baseline interferometry (VLBI) observation has been improved significantly at

short wavelength which led to strong expectation that within few years it may

be possible to observe the direct image of the accretion flow around a black hole

with a high resolution corresponding to black hole event horizon [93]. Nowadays

resolution of the VLBI is about 55 µas, but for observing shadow of Sgr A* size

is about 45 µas [93, 94, 95], near future the VLBI will reach better resolution size

with including additional telescopes. The resolution of telescope is λ/D (where

D is size of telescope) [95, 94]. Black hole at the center of the Galaxy Sgr A* and

M87 are observed by EHT and Black hole Cam projects. If they observe image of

black hole then one can explain properties of the black hole. Main purpose of this

dissertation is to study properties of the black hole using shadow of the black hole,
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which allows us to estimate parameters of the compact object with comparing

theoretical and observational results. This may allow help us to test gravity in

the strong field regime and investigate the properties of black hole candidates. The

VLBI experiments is also looking for the shadow of a black hole, i.e. a dark area in

front of a luminous background [92, 96]. The shadow of Schwarzschild black hole

[97], rotating black hole with gravitomagnetic and electric charge [98] and other

spherically symmetric black holes have been intensively studied. On the other

hand, for rotating case, it has elongated shape in the direction of rotation [99,

100, 96]. Shadows of black holes possessing nontrivial NUT charge were obtained

in [101], while the Kerr-Taub-NUT black hole was discussed in [101] and black

hole solutions within Einstein-Maxwell-dilaton gravity and Chern-Simons gravity

was considered in [102]. The apparent shape of the rotating braneworld black

holes were investigated in [103]. Both Schwarzschild and rotating black hole with

an accretion disc were investigated in [104]. Hence, their is a significant attention

towards study of black hole shadow and it has become a quite active research field

[103, 105, 28, 98, 55, 32, 101, 34, 33, 57, 106, 19]. For the Schwarzschild black

hole the shadow of the black hole is a perfect circle [107], and that enlarges in the

case of Reissner-Nordström black hole.

We also investigate the apparent shape of non-rotating Einstein-Born-Infeld

black hole to visualize the shape of the shadow and compare the results with the

images for the corresponding Reissner-Nordstrom black hole. In spite of the fact

that a black hole is invisible, its shadow can be observed if it is in front of a bright

background [104] as the result of the gravitational lensing effect, see, e.g., [21, 35].

The light ray that cross the event horizon, due to strong gravity, are removed

from the observable universe which lead to a shadow (silhouette) imprinted by

a black hole on the bright emission that exists in its vicinity. Furthermore new
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general formalism to describe the shadow of black hole as an arbitrary polar curve

expressed in terms of a Legendre expansion is developed in the recent paper [31].

In this dissertation, optical properties of the black hole using black hole’s shadow

are studied in classical method [87].

4.2 Silhouette of non-kerr black hole

Using the celestial coordinates one can easily describe the shadow (see for

example [108]):

α = lim
r0→∞

(
−r2

0 sin θ0
dφ

dr

)
, (4.1)

and

β = lim
r0→∞

r2
0

dθ

dr
, (4.2)

x

y, 

z

i i,( )

Observer

Source

Black hole

Light rays

Celestial plane

Figure 4.1: The scheme of the gravitational lens system. A reference coordinate system (x, y, z)

with the black hole at the origin can be set up by an observer far away from the black hole. The

straight continuation of observing light ray intersects the plane α− β at the position (αi, βi).

since here an observer far away from the black hole is considered at r0 → ∞,

θ0 is the angular coordinate of the observer, i.e. the inclination angle between the

rotation axis of the black hole and the line of sight of the observer. The geometry

of the introduced new coordinates is shown in Fig. 4.1. The coordinates α and
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Figure 4.2: The observables for the apparent shape of a rotating black hole are the radius Rs

and the distortion parameter δs = Dcs/Rs. Here Dcs is the difference between the left endpoints

of the circle and of the shadow.

β are the apparent perpendicular distances of the image as seen from the axis of

symmetry and from its projection on the equatorial plane, respectively.

Calculating dφ/dr and dθ/dr using the spacetime metric given by expres-

sion (3.43) and taking the coordinate’s limit of a far away observer one can obtain

celestial coordinates functions of the constants of motion in the form

α = − ∆ε

∆ε + a2h sin2 θ
ξ csc θ0, (4.3)

β = ±
√
η + a2 cos2 θ0 − ξ cot2 θ0 , (4.4)

where Eqs. (3.25), (3.26) and (3.27) can be used to calculate dθ/dr and dφ/dr.

These equations have implicitly the same form as one for the Kerr spacetime

metric with the new parameters ξ and η given by Eqs. (3.56) and (3.57) (a

detailed calculation of the values of ξ and η and the expressions of the celestial

coordinates α and β as a function of the constants of motion for the Kerr geometry
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are given in [108]).

When the observer is situated in the equatorial plane of the black hole, the

inclination angle is θ0 = π/2 and the gravitational effects on the shadow, which

grow with θ0, are larger. The inclination angle corresponding to the Galactic

supermassive black hole is also expected to lie close to π/2. In this most simple

case, we have

α = − ∆ε

∆ε + a2h
ξ, (4.5)

β = ±√η. (4.6)

For the visualization of the shape of the black hole shadow one needs to plot β

vs α . In Fig. 4.3, we show the contour of the shadows of black holes with rotation

parameters a = 0.35 (upper row, left), a = 0.4 (upper row, right), a = 0.45 (lower

row, left), and a = 0.5 (lower row, right), for several values of the deformation

parameter ε < 0. In Fig. 4.4, we show the contour of the shadows of black

holes with rotation parameters a = 0.4 (upper row, left), a = 0.5 (upper row,

right), a = 0.55 (lower row, left), and a = 0.6 (lower row, right), for several

values of the deformation parameter ε > 0. From the Fig 4.3 and 4.4, one can

see that with increasing deformation parameter(ε > 0), the shadow of the black

hole decreases. This phenomena also related to the fact that the increase of

deformation parameter forces light ray orbits to come closer which corresponds

to the decrease of gravitational force acting on light ray. Light ray with smaller

impact parameter could escape from absorbtion by black hole in the presence

of positive parameter ε. In the case of negative ε the deflected light ray with

particular value of impact parameter could be absorbed by central object while

they could escape in pure Kerr black hole case with the same impact parameter.

This of course corresponds to increasing the gravitational potential of deformed

rotating black hole in the case of negative value of the deformation parameter.
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In order to observe the shadow of a black hole, it is useful to introduce two ob-

servables which approximately characterise the apparent shape. First one should

approximate the apparent shape by a circle passing through three points which

are located at the top position, bottom and the most right end of the shadow as

shown in Fig. 4.2. The radius Rs of the shadow is defined by the radius of this

circle. One can also define the distortion parameter δs of the black hole shadow

as δs = Dcs/Rs. Two variables (Rs and δs) can be interpreted as observables in

astronomical observation [87].

The observable Rs can be calculated from the equation

Rs =
(αt − αr)2 + β2

t

2|αt − αr|
,

and the observable δs is given by

δs =
α̃p − αp
Rs

,

where (α̃p, 0) and (αp, 0) are the points where the reference circle and the contour

of the shadow cut the horizontal axis at the opposite side of (αr, 0), respectively.

In Fig. 4.5, the observable Rs as functions of the ε deformation parameter are

shown for the value of the spin parameter of the black hole a = 0.5. In Fig. 4.6,

the observable δs as function of the deformation parameter ε is shown for the

value of the spin parameter of the black hole a = 0.5. From these figures one

may conclude that with the increase of deformation parameter the mean value of

the shape of shadow is decreasing. The increase of δs with the increase of module

of deformation parameter ε corresponds to deviation of the shape of shadows

from pure circle. The deformed rotating black hole’s shadow is also going to be

deformed independently on sign of deformation parameter.
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Figure 4.3: Silhouette of the shadow cast by a non-Kerr black hole situated at the origin of

coordinates with inclination angle θ = π/2, having a rotation parameter a and a deformation

parameter ε. Upper row, left: a/M = 0.35, ε = 0 (solid line), ε = −5 (dashed line), and

ε = −10 (dashed-dotted line). Upper row, right: a/M = 0.4, ε = 0 (solid line), ε = −5 (dashed

line), and ε = −10 (dashed-dotted line). Lower row, left: a/M = 0.45, ε = 0 (solid line),

ε = −5 (dashed line), and ε = −10 (dashed-dotted line). Lower row, right: a/M = 0.5, ε = 0

(solid line), ε = −5 (dashed line), and ε = −10 (dashed-dotted line). The shadow corresponds

to each curve and the region inside it.
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Figure 4.4: Silhouette of the shadow cast by a non-Kerr black hole situated at the origin of

coordinates with inclination angle θ = π/2, having a rotation parameter a and a deformation

parameter ε. Upper row, left: a/M = 0.4, ε = 0 (solid line), ε = 5 (dashed line), and ε = 10

(dashed-dotted line). Upper row, right: a/M = 0.5, ε = 0 (solid line), ε = 5 (dashed line), and

ε = 10 (dashed-dotted line). Lower row, left: a/M = 0.55, ε = 0 (solid line), ε = 5 (dashed

line), and ε = 10 (dashed-dotted line). Lower row, right: a/M = 0.6, ε = 0 (solid line), ε = 5

(dashed line), and ε = 10 (dashed-dotted line). The shadow corresponds to each curve and the

region inside it.

4.3 Shadow of Einstein-Born-Infeld black hole

Here, we plan to discuss the shadow of the Einstein-Born-Infeld black hole,

and we shall confine to non-rotating (a = 0) case. It is possible to study equa-
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Figure 4.5: Observables Rs as functions of the ε < 0 and ε > 0 parameters, corresponding to

the shadow of a black hole situated at the origin of coordinates with inclination angle θ = π/2

and spin parameters a = 0.5.
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Figure 4.6: Observables δs as functions of the ε < 0 and ε > 0 parameters, corresponding to

the shadow of a black hole situated at the origin of coordinates with inclination angle θ = π/2

and spin parameters a = 0.5.

torial orbits of light ray around Einstein-Born-Infeld black holes via the effective

potential. It is generally known, that the light ray orbits are of three types:

scattering, falling and unstable [28]. The falling orbits are due to the light ray

arriving from infinity that cross the horizon and fall down into the black hole,

they have more energy than barrier of the effective potential. The light ray arriv-

ing from infinity move along the scattering orbits and come back to infinity, and

with energy less than the barrier of the effective potential. Finally, the maximum

value of the effective potential separates the captured and the scattering orbits
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Figure 4.7: The shapes of the rotating black hole shadow with non vanishing NUT charge

originated at centre of coordinates when θ = π/2. (a): a/M = 0.5, (b): a/M = 0.7, (c):

a/M = 0.8, and (d): a/M = 0.99. In all figures solid lines correspond to l/M = 0.1, dashed

lines correspond to l/M = 0.5 , and dashed-dotted lines correspond to l/M = 0.9. The region

bounded by each curve corresponds to the balk hole shadow.
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and defines unstable orbits of constant radius (it is circle located at r = 3M for

the Schwarzschild black hole) which is responsible for the apparent silhouette of

a black hole. Distinct observer will be able to see only the light ray scattered

away from the black hole, while those captured by the black hole will form a dark

region. If the black hole appears between a light source and a distant observer,

the light ray with small impact parameters fall into the black hole and form a

dark zone in the sky which is usually termed as black hole shadow. We consider

the following series expansion

4Q2

3
F

(
1

4
,
1

2
,
5

4
,−ζ2(r)

)
≈ 4Q2

3

(
1− ζ2(r)

10

)
+O(

1

β4
) . (4.7)

Also, all the higher order terms from onwards have been dropped out from the

series expansion of F
(

1
4 ,

1
2 ,

5
4 ,−ζ

2(r)
)
, which yields

Q2(r) ≈ 2β2r4

3

(
1−

√
1 + ζ2(r)

)
+

4Q2

3

(
1− ζ2(r)

10

)
+O(

1

β4
) , (4.8)

and accordingly ∆ is also modified and we denote the new ∆ as ∆′, which reads

∆
′
= −2 +

8Q2ζ2(r)

15r
+

4Q2

3r
√

1 + ζ2(r)
+ 2r − 8β2r3

3

(
−1 +

√
1 + ζ2(r)

)
.(4.9)

Henceforth, all our calculations are valid up to O( 1
β4 ) only. An effective potential

for the light ray attains a maximum, goes to negative infinity beneath the horizon,

asymptotically goes to zero at r → ∞. In the standard Schwarzschild black

hole, the maximum of the effective potential occurs at r = 3M , which is also

the location of the unstable orbit and no minimum. The behavior of effective

potential as a function of radial coordinate r for different values of parameter β,

rotation parameter a and Q are depicted in Figs. 3.2 and 3.3. It is observed that

the potential has a minimum which imply the presence of stable circular orbits.

The apparent shape of the black hole is obtained by observing the closed orbits

around the black hole governed by three impact parameters, which are functions
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of E, Lφ and Lψ and the constant of separability K. The equations determining

the unstable light ray orbits, in order to obtain the boundary of shadow of the

black holes, are Eq.(3.18) or

R(r) = 0 = ∂R(r)/∂r

which are fulfilled by the values of the impact parameters

ξ =
(r2 + a2)∆

′ − 4r∆

∆′a
, (4.10)

and

η =
16∆r2a2 −

(
(r2 + a2)∆

′ − 4r∆− a∆
′)

(∆′a)2
, (4.11)

that determine the contour of the shadow. whereas the parameter ξ and η satisfy

ξ2 + η =
4A
(

8Q2r0ζ
2(r0)

15 − 8Q2r0
3 + 2Q2r0

3
√

1+ζ2(r0)
+ 3r2

0 − r3
0

)
−1 + 4Q2ζ2(r0)

15r0
+ 2Q2

3r0
√

1+ζ2(r0)
+ r0 − 4

3β
2r3

0

(
−1 +

√
1 + ζ2(r0)

)
+

60β2r4
0B

C
+O(a2)

(4.12)

with

A = −1 +
4Q2ζ2(r0)

15r0
+

2Q2

3r0

√
1 + ζ2(r0)

−r0 −
4

3
β2r3

0

(
−1 +

√
1 + ζ2(r0)

)
(4.13)

B = 6Q6 − 14β2Q4r4
0 + 15β2Q2r5

0 − 10β4Q2r8
0 + 15β4r9

0

+10β6r12
0 − 10β6r12

0

√
1 + ζ2(r0) (4.14)

C = 4βQ4
√

1 + ζ2(r0) + 20β5r8
0

(
−1 +

√
1 + ζ2(r0)

)
−5β3r4

0

(
2Q2 − 3r0(r0 − 1)

√
1 + ζ2(r0)

)2

(4.15)
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The shadow of Einstein-Born-Infeld black holes may be determined through virtue

of the above equation. In order to study the shadow of Einstein-Born-Infeld black

hole, it is necessary to introduce the celestial coordinates according to [108]

λ = lim
r0→∞

(
−r2

0 sin θ0
dφ

dr

)
, (4.16)

and

µ = lim
r0→∞

r2
0

dθ

dr
, (4.17)

where λ and µ are celestial coordinates as (4.1) and (4.2)

The celestial coordinates can be rewritten as

λ = −ξ csc θ0, (4.18)

µ = ±
√
η + a2 cos2 θ0 − ξ cot2 θ0, (4.19)

and formally coincide with that for the Kerr black hole. However in reality ξ and

η are different for the Einstein-Born-Infeld black hole. The celestial coordinate in

the equatorial plane (θ0 = π/2), where observer is placed, becomes

λ = −ξ, (4.20)

and

µ = ±√η , (4.21)

The apparent shape of the Einstein-Born-Infeld black hole shadow can be obtained

by plotting λ vs µ as

λ2 + µ2 = ξ2 + η , (4.22)

which suggests that the shadow of Einstein-Born-Infeld black holes in (λ, µ) space

is a circle with radius of the quantity defined by the right hand side of equation

(4.12). Thus, the shadow of the black hole depends on the electric charge Q and
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Born-Infeld parameter β both. These are depicted in Figs. 4.8 and 4.9 for the

different values of these parameters.

In the limit, β →∞, the above expression reduces to

ξ2 + η = λ2 + µ2 =
2r2

0(r2
0 − 3) + 4r0Q

2

(r0 − 1)2
. (4.23)

which is same as that for Reissner-Nordstrom black hole. In addition, if we switch

off electric charge Q = 0, one gets expression for Schwarzschild case, which reads

as

ξ2 + η = λ2 + µ2 =
2r2

0(r2
0 − 3)

(r0 − 1)2
. (4.24)

In order to extract more detailed information from the shadow of the Einstein-

Born-Infeld black holes, we must create the observables. In general, there are two

observable parameters as radius of shadow Rs and distortion parameter δs [87].

For non-rotating black hole there is only single parameter Rs which corresponds to

radius of reference circle. From Figs. 4.8 and 4.9 one can get numerical value for

the radius of black hole shadow which is clearly shown in Fig. 4.10. As is shown

from the Fig. 4.11 and Fig. 4.12, the shadow of rotating Einstein-Born-Infeld

black hole has been considered for various values of electric charge Q and Born-

Infeld parameter β. The influence of rotating parameter a on the shadow of black

hole is distorted, while with increasing electric charge of black hole the shadow

starts becoming circle. One of the observable parameter is distortion parameter.

Observable parameter is shown for different values of rotating parameter, electric

charge and Born-Infeld parameter in Fig 4.13.

4.4 Observing shadow of Kerr-Taub-NUT black hole

To obtain the silhouette of the rotating black hole with non vanishing NUT

charge it is very convenient to use the celestial coordinates. Calculating dφ/dr
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Figure 4.8: Shadow of the black hole for the different values of electric charge Q. Top, left panel

is for Born-Infeld parameter β = 0.01. Top, right panel is for Born-Infeld parameter β = 0.1.

Bottom, left panel is for Born-Infeld parameter β = 1. Bottom, right panel is for Born-Infeld

parameter β = 10 (with M = 1 and a = 0).
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Figure 4.9: Shadow of the black hole for the different values of Born-Infeld parameter β. Top,

left panel is for electric charge Q = 0.3. Top, right panel is for electric charge Q = 0.5. Bottom,

left panel is for electric charge Q = 0.7. Bottom, right panel is for electric charge Q = 0.9 (with

M = 1 and a = 0).
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Figure 4.10: The dependence of observable radius of black hole shadow Rs from the electric

charge Q and Born-Infeld parameter β. Left panel is showing graphs for the different values of

Born-Infeld parameter β. The right panel is showing graphs for the different values of electric

charge Q.

and dθ/dr using the spacetime metric (3.43) and putting the results into (4.1),

(4.2), using (3.6), (3.7), and (3.8) we obtain equations for (α, β) coordinates in

the following form:

α = −ξ csc θ0 , (4.25)

and

β = ±
[
η + (a2 − 4l2

sin2 θ0

) cos2 θ0 − ξ2 cot2 θ0

+4l cos θ0(a−
ξ

sin2 θ0

)

]1/2

, (4.26)

While considering the shape of the shadow of rotating black hole with non

vanishing gravitomagnetic charge one may introduce the radius Rsh and the dis-

tortion parameter δsh of the silhouette related by the expression δsh = Dcs/Rsh.

The schematic explanation of these parameters are shown in Fig. 4.2 [87].

Consider the distant observer located in the equatorial plane of the rotating
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Figure 4.11: Shadow of rotating black hole for the different values of Born-Infeld parameter β,

rotating parameters a and electric charge Q. Solid line is Q = 0 and dashed line is Q = 0.5

(with M = 1).
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Figure 4.12: Shadow of rotating black hole for the different values of Born-Infeld parameter β,

rotating parameters a and electric charge Q. Solid line is Q = 0 and dashed line is Q = 0.5

(with M = 1).
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the electric charge Q, Born-Infeld parameter β and rotation parameter a = 0.9. The right

panel is showing graphs for the different values of Born-Infeld parameter β and the Left panel

is showing graphs for the different values of electric charge Q.

black hole black hole with non vanishing gravitomagnetic charge. Then,

α = −ξ , (4.27)

and

β =
√
η . (4.28)

Obtained numerical results are shown in Fig. 4.7 where the shape of the

silhouettes of rotating Taub-NUT black hole for the different values of the rotation

parameter and gtavitomagnetic charge are presented. From the plots one can see

that the presence of the gravitomagnetic charge will increase the effective size of

the shadow. In the figure the shapes of the silhouette of rotating black hole with

the gravitomagnetic charge are given for the different values of black hole angular

momentum a: a/M = 0.5, a/M = 0.7, a/M = 0.8, and a/M = 0.99. One

can easily compare the effect of the NUT parameter and the black hole rotation

parameter on modification of the shape of the shadow of black hole. It appears

they have opposite effects on black hole shadow size. The gravitomagnetic charge

increases the size of the shadow shape while black hole’s angular momentum

decreases its size. The parameters Rsh (radius) and δsh (distortion) are shown as
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functions of the gravitomagnetic charge l in Fig. 4.14. From the dependence of

Rs from the NUT parameter one can again see that the gravitomagnetic charge

forces to increase the size of the black hole shadow. The dependence of δs from

NUT charge shows that gravitomagnetic charge forces to shadow to get the shape

of circle than ellipse. In the case of rotation, with the increase of black hole’s

angular momentum the shape of black hole shadow takes form of ellipse rather

than circle.
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Figure 4.14: The dependence of the average radius of the silhouette Rsh and the distortion

(deviation) parameter δsh from the gravitomagnetic charge (NUT parameter).

4.5 Shadow of rotating five dimension black hole

For θ = 0, Lφ = 0 which implies ξ2(r) = 0, therefore

ξ1(r) =
−a4 + 2a2(x− 1) + x2 + (a4 + 2a2x+ x(x− 2))

√
a2 + x

2a(x+ a2 − 1)
, (4.29)

and for θ = π/2, Lψ = 0 which implies ξ1(r) = 0, thus

ξ2(r) =
−a4 + 2a2(x− 1) + x2 + (a4 + 2a2x+ x(x− 2))

√
a2 + x

2a(x+ a2 − 1)
. (4.30)

Here we investigate the shadow of a black hole and naked singularity. It is

possible to obtain equatorial orbits of light ray around 5D black hole from the
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Figure 4.15: Shadow cast by 5D rotating black hole taking a = b. Top: For θ0 = 0 (left) for

θ0 = π/6 (right). Bottom: For θ0 = π/4 (left) θ0 = π/3 (right). θ0 = 0 is same with θ0 = π/2

and a is as following: a = 0 (solid line), a = 0.4 (dashed line), a = 0.5 (dot-dashed line),

a = 0.6 (dotted line).
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Figure 4.16: Plots showing the dependence of the observables, the radius of the shadow Rs (left)

and distortion parameter δs (right) on the rotation parameter with inclination angle θ0 = 0.

effective potential. The light ray orbits are in general of three types: scattering,

falling and unstable orbits. One can think of these there kinds of light ray orbits

in terms of effective potential: (i) falling orbits, in which case the light ray arrives

from infinity with energy larger than the barrier of the effective potential and

then crosses into the horizon, (ii) scattering orbits, in which the light ray arrives

from infinity with energy less than the barrier of the effective potential and then

comes back to infinity, and (iii) unstable orbits of constant radius (at r = 3M for

Schwarzschild black hole, the location of the maximum of the effective potential)

which separate the capture and the scattering orbits. The apparent shape of the

black hole can be found by looking for the unstable orbits. An observer far away

from the black hole will be able to see only the light ray scattered away from

the black hole, while those captured by the black hole will form a dark region.

When a black hole is placed between a source of light and an observer, part of the

light coming from source behind the black hole reaches the observer after being

deflected by the gravitational field of the black hole; but those light ray with small

impact parameters fall into the black hole. As a consequence, there is a dark zone

in the sky which we call is shadow. The apparent shape of a black hole is then

given by the boundary of the shadow. For obtaining this apparent shape, we need

to study the geodesic structure of the light ray in the black hole background.
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Figure 4.17: Shadow cast by naked singularity taking a = b and for the different value of

rotation parameter a: a = 0.9 (top panel, left), a = 1 (top panel, right), a = 1.1 (bottom, left)

and a = 1.2 (bottom, right). Here inclination angle is θ = 0 and it is same with θ = π/2.
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The shadow of a black hole is better described by the celestial coordinates α

and β [108], which in 5D case are modified to [57]:

α = lim
r̃0→∞

−r̃2
0

(
sin θ0

dϕ

dr
+ cos θ0

dψ

dr

)
, (4.31)

and

β = lim
r̃0→∞

r̃2
0

dθ0

dr
. (4.32)

Here we have defined r̃0 as observers distance to the black hole, the coordinate α

is the apparent perpendicular distance of the image from the axis of symmetry,

and the coordinate β is the apparent perpendicular distance of the image from its

projection on the equatorial plane. For further details and a useful diagram, see

Ref. [108].

Next we consider that the observer is far away from the black hole and hence,

r0 goes to infinity, and θ0 is the angular coordinate of the observer, i.e., the

inclination angle between the axis of rotation of the black hole and the line of

sight of the observer. We define two coordinates (α, β) to discuss the shape of

the shadow. Eqs.(4.31) and (4.32) are obtained by writing (α, β) in the Euclidean

frame, changing to spherical coordinates, and using the geometrical description

of the straight line connecting the far away observer with the apparent position

of the image.

On using Eq. (3.37), in Eqs. (4.31) and (4.32), and taking the limit of a far

away observer, we found the celestial coordinates, as a function of the constant

of motion, take the form

α = −
(
ξ1

1

sin θ0
+ ξ2

1

cos θ0

)
,

β = ±
√
η − ξ2

1 cot2 θ0 − ξ2
2 tan2 θ0 + a2. (4.33)
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In the equatorial plane θ0 = π/2, then the celestial coordinates can be written as

α = −ξ1,

β = ±
√
η + a2. (4.34)

For θ = 0,

α = −ξ2,

β = ±
√
η + a2. (4.35)

Now we show the shadows of 5D rotating black hole using Eq. (4.33). In Fig. 4.15,

we plot α Vs β to show the contour of the shadow of the black holes for different

values of rotation parameter at different inclination angles. It can be seen from

the figure that with increasing the value of rotation parameter the effective size

of the shadow is decreasing.

In Fig. 4.16, the observables Rs and δs are plotted as a function of the rotation

parameter a. The observable Rs gives information about the size of the shadow.

From Fig. 4.16, we observe that the observable Rs monotonically decrease with

the increase in the value of rotation parameter . Whereas the observable δs gives

distortion of the shadow with respect to the circumference of reference, which

increases with a.

In Fig. 4.15, the shadows are plotted for different values of the rotation pa-

rameter a and the angle of inclination θ0, for the 5D Myers-Perry black hole. In

all the cases, we take values for the angular momentum that go from 0 to 0.6,

and it can be seen clearly that the shape of the shadow is decreasing with the

increase in the value of rotation parameter. Also, the shape is more distorted

with the increase in the value of rotation parameter. It is interesting to note that

the rate of distortion also depends on the angle of inclination, it is seen that rate

of distortion is more for θ0 = π/4 than in the case of θ0 = 0.
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In the case of Schwarzschild black hole, the apparent image of the black hole

is a perfect circle of radius ≈ 5.20M [109]. The main feature of the shape of

Kerr black holes is the asymmetry along the spin axis, because of the different

effective potential for light ray orbiting around the black hole in one or the other

direction. The radius of the unstable circular orbit is smaller for light ray with

angular momentum parallel to the black hole spin and that slightly flattens the

black hole shadow on one side.

Whereas, in the Brane-world case [110], in addition to the angular momentum,

the tidal charge term also deforms the shape of the shadow. For a given value

of the rotation parameter, the presence of a negative tidal charge enlarges the

shadow and reduces its deformation with respect to Kerr spacetime, while for a

positive charge, the opposite effect is obtained. However, in the Brane world, for

fixed tidal charge, there is a very small variation in the size of the shadow as a

function of a. In a similar study in for the Kaluza-Klein black holes in Einstein

gravity coupled to a Maxwell field and a dilaton, the size and the shape of the

shadow depend on the mass, the charge, and the angular momentum and, for fixed

values of these parameters, the shadow is slightly larger and less deformed than

for its Kerr-Newman counterpart. On the contrary, our results demonstrate that

the size of the the 5D Myers-Perry black hole shadow is smaller than for Kerr

black hole shadow. In general, the size of the shadow decreases with rotation

parameter in 5D Myers-Perry black hole compared to the four-dimensional Kerr

black hole

4.5.1 Naked Singularity Shadow

A naked singularity is defined as a spacetime singularity without an event

horizon which can be seen by some observer. According to the cosmic censor-
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ship conjecture, the singularities that appear in gravitational collapse are always

surrounded by an event horizon. Moreover, according to the strong version of

the conjecture, such singularities are not even locally naked, i.e., no nonspacelike

curve can emerge from such singularities. The cosmic censorship conjecture has

as yet no precise mathematical formulation or proof for either version. Hence the

cosmic censorship conjecture remains one of the most important unsolved prob-

lems in general relativity and gravitation theory today. But as we are still far

from having a general proof of this hypothesis so it is interesting to study about

the shadow of a naked singularity. Consequently, such a study is an important

tool to get insight to this unresolved issue.

When, r2
0 < 4a2 or a > 1/

√
2, from Eq. (2.13) one see that horizons do

not exist and singularity is exposed to an external observer, i.e., there exists a

naked singularity violating cosmic censorship conjecture. For non-rotating case

(a = 0), one obtains a point naked singularity whilst the rotating case (a 6=

0) corresponds to a ring type naked singularity. For the visualization of naked

singularities shadow, we show a contour of them for different values of rotation

parameters. In the case of a Kerr naked singularity, the shadow consists of two

parts: the arc and the dark spot or the straight line. Next we show the shadows of

a 5D Myers-Perry naked singularity in Fig. 4.17. In the case of a naked singularity,

the event horizon does not exist and then the apparent shapes drastically different

from those of a black hole. The unstable spherical light rays orbit with a positive

radius constructs an arc rather than a closed curve. This is because the light ray

near the arc may come back to the observer due to the nonexistence of horizon.

In Fig. 4.17, we have plotted α vs β to show the shadow of naked singularities

of 5D rotating Myers-Perry spacetime. Indeed, the shadow consists of two parts

an arc and a dark spots. Fig. 4.17, we observe that arc of shadow tends to
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Figure 4.18: Shadow of the rotating GB black holes when the inclination angle θ = π/2. For

the comparison we present the shadow of rotating Kerr black hole (dashed lines). From left to

right, the rotation parameter scans as a = 0, aext/2, and aext. Note that for the pure GB

6-D black hole aext = 3
√

3/16 as against aext = 1 for the Kerr black hole.

open with increase rotation parameter a. Whereas the size of shadow decreases

with increasing black hole’s spin a. Thus, we observed that the shadow of a 5D

rotating naked singularity, which consists of a dark arc and a dark spot, is very

different from a 5D rotating black hole one. So, the two observables, viz. Rs and

δs defined above are no longer valid for a naked singularity. However, another

two new observables [87, 60] can be defined to describe the shadow of a naked

singularity.

4.6 Shadow of the rotating 6D black hole

In this section we study the optical properties of black hole in Gauss-Bonnet

gravity. If the bright source is located behind black hole then a distant observer

is able to detect only light ray scattered away from the black hole, and those

captured by the event horizon form a dark spot. This dark region which could

be detected and extracted from the luminous background is traditionally called

the black hole shadow or silhouette. In practice, the distant observer at infin-
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Figure 4.19: Observables Rs and δs as functions of the rotation parameter, corresponding to

the shadow of black hole situated at the origin of coordinates with inclination angle θ = π/2

and dimensions d: D = 6 (solid line) and d = 4 (dot-dashed line) [87, 100].

ity could see a projection of it at the flat plane passing through the black hole

and normal to the line connecting it with the observer (the line of sight). The

Cartesian coordinates at this plane, which are usually denoted by α and β and

called celestial coordinates, give the apparent position of the shadow image. The

celestial coordinates are connected with the geodesic equations of light ray around

black hole as [108].

Note here that a silhouette of the black hole is observed in 3-D space and here

we would like to check the influence of the extra dimensions to the shape of the

black hole shadow.

Using expressions for the impact parameters derived in the Sec. 3.6.1 and the

equations of motion obtained from the Hamilton-Jacobi equation (3.21), one can

get dφ/dr and dθ/dr, and insert them into the equations (4.1) and (4.2) in order

to get the explicit expressions for the celestial coordinates as

α = −ξ csc θ0 , (4.36)

β = ±
√
η + a2 cos2 θ0 − ξ cot2 θ0 . (4.37)

We will concentrate here on the special case when the inclination angle θ0 =

π/2 is similar to that for four dimensional Kerr space-time (see e.g. [111, 102, 110,
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87]). Then for the pure GB 6-D rotating black hole we have

α = −ξ , (4.38)

β = ±√η . (4.39)

For describing the black hole shadow one can plot dependence of β from α, see

e.g. [34]. In Fig. 4.18, we compare shadow of six dimensional black hole in Gauss-

Bonnet gravity with one of four dimensional Kerr black hole, which are shown

for the different values of the rotation parameter a. The contours of the shadows

of the Gauss-Bonnet black hole for the spin parameters a = 0, a = aext/2, and

a = aext are shown in Fig. 4.18. One can easily see, light rays sphere is decreased

with the increase of spin of the black hole in Gauss-Bonnet gravity. This behavior

is exactly the same as in the Kerr space-time.

The observable parameters as distortion parameter δs and radius of the shadow

Rs can be computed numerically using either the expressions (4.38) and (4.39)

or Fig. 4.18. Distortion parameter δs = ∆x/Rs [34, 87], where ∆x is deviation

parameter which is distance between edge point of full circle and edge point of

shadow [34]. Consequently if rotation parameter is equal to zero a = 0 then ∆x

must vanish. On the other hand, if we consider rotating black hole, ∆x is nonzero

and consequently δs depends on spin of black hole. In Fig. 4.19, the observables

Rs and δs as functions of the rotation parameter of the black hole are shown when

the inclination angle θ0 = π/2. From these plots one may conclude that with the

increase of spin parameter a of the black hole in Gauss-Bonnet gravity shape of

shadow is decreasing which is similar to the Kerr black hole case. The increase

of δs with the increase of rotation parameter a corresponds to deviation of the

shape of shadow from circle.
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4.7 Conclusion

In this chapter we have considered the shadow of the black hole casted by the

strong gravitational field of latter. We have analyzed the shape and sizes of the

black hole shadow for different gravity models.

It was shown that with increasing deformation parameter of non-Kerr black

hole the shadow of the latter decreases. This phenomena also related to the fact

that the increase of deformation parameter forces light ray orbits to come closer

which corresponds to the decrease of gravitational force acting on light ray. Light

ray with smaller impact parameter could escape from absorbtion by black hole

in the presence of positive deformation parameter. The increase of distortion

parameter of the shadow with the increase of module of deformation parameter

corresponds to deviation of the shape of shadows from pure circle. It was obtained

that the deformed rotating black hole’s shadow is also going to be deformed

independently on sign of deformation parameter. Using the theoretical results for

the black hole’s shadow comparing with EHT observational results[94, 93, 95] one

can obtain deformation parameter as |ε| < 80.

We have studied the shadow cast by the non-rotating (a = 0) and rotating

(a 6= 0) Einstein-Born-Infeld black hole and demonstrated that the null geodesic

equations can be integrated that allows us investigate the shadow cast by a black

hole. It was shown that the shadow is slightly smaller and less deformed than

that for its Reissner-Nordstrom counterpart. In addition, the presence of Born-

Infeld parameter causes appearance additional asymmetries in the shape of the

black hole’s shadow. For the non-rotating black the radius of the shadow have

been obtained by numerical calculation. In the presence of the rotating param-

eter a the shape of black hole shadow is distorted, while with increasing electric

charge of black hole the distortion decreases and shadow starts becoming a circle.
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Observable parameter δ is most important point for comparing with observation.

The results shows that the increase of Born-Infeld parameter causes the shape of

the black hole shadow to be more distorted.

The analysis of the effect of the NUT parameter and the black hole rotation

parameter on modification of the shape of the shadow of black hole show that

they have opposite effects on black hole shadow size. The gravitomagnetic charge

increases the size of the shadow shape while black hole’s angular momentum

decreases its size. A comparison of the obtained theoretical results on the shadow

of black hole size with the observational data(forRs = 6M [95, 94, 93]) in the EHT

project provides the upper limit for the dimensionless gravitomagnetic charge

l/M < 0.85.

The shadow cast by a black hole in five dimensional Myers-Perry spacetime in

the case of two equal rotation parameters have been studied. There is intriguing

dissimilarity of this problem with the case of four-dimensional Kerr black hole,

e.g., while in the four-dimensional Kerr case there exists stable circular orbit

around the black hole, they are absent for 5D Myers-Perry black hole. In this

chapter we analyzed the unstable spherical light ray orbits 5D Myers-Perry black

hole. We have investigated how the size and apparent shape of the black hole is

distorted due to the extra dimension by analyzing unstable circular orbits, i.e., we

have studied the effect of rotation parameter on the shape of the shadow of a 5D

black hole. Adopting two observables, the radius and the distortion parameter,

characterizing the apparent shape, we found that the shape of the shadow is

affected by the value of rotation parameter. It was shown that the size of the

shadow decreases with rotation parameter in 5D Myers-Perry black hole resulting

in a smaller shadow than in the four dimensional Kerr black hole. Thus the

larger value of rotation parameter leads to decrease in the size of shadow. This

101



may be understood by the fact that as the black hole starts spinning rapidly, it

forces light ray orbits to come closer resulting in the decrease in gravitational

force acting on light ray. The deformation of the shadow is characterized by the

distortion parameter which increases monotonically with rotation parameter and

takes maximal value when black hole approaches extremal. Thus, the distortion

also increases with the increase in rotation parameter. It corresponds to the

deviation of the shape of the shadow from circular orbit and it is also seen that

the rate of change of distortion with rotation parameter also depends on the angle

of inclination. We have also found that, on the contrary to the Braneworld where

the size of shadow does not changes much for fixed tidal charged as a function

of rotation parameter, the size of 5D Myers Perry black hole shadow decreases

significantly.

We extended our analysis to study the shadow of 5D Myers-Perry naked sin-

gularity, which have two parts the dark arc and distorted circular shape. It has

been observed that the deviation of the peak of effective potential towards the

central object.
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Main results and conclusions

We have studied optical and energetic processes in vicinity of relativistic com-

pact objects. The obtained results can be summarised as follows:

1. The exact expressions for the deflection angle of the light ray have been

obtained due to the effect of weak gravitational lensing around black hole

in braneworld. It was shown, that the increase of the module of brane tidal

charge of the black hole causes the increase the magnification of the size

image. It was also shown that the presence of the negative brane charge

sufficiently increases the image source magnification and deflection angle. A

comparison of the obtained theoretical results on the deflection angle with the

observational data for the Sun provides the upper limit for the dimensionless

brane parameter as W 2/R2 < 0.96 · 10−7.

2. The analysis of the Einstein-Born-Infeld black hole’s event horizon structure

demonstrated that outer (inner) horizon radius decreases (increases) with

the increase in the electric charge and Born-Infeld parameter. It was shown

that the increase the black hole brane tidal charge causes the increase the

energy release process. It was shown that with the increase of the rotation

parameter the efficiency of the energy emission decreases in five dimensional

black hole.

3. The analysis of the effective potential of radial motion of the light ray show,

that with the increase of the gravitomagnetic charge the shape of the effective
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potential is going to shift to the observer at infinity which corresponds to in-

creasing the event horizon of the Kerr-Taub-NUT black hole. It was obtained

that with increasing either rotation parameter or electric charge of black hole

particle is moving closer to the central object in Einstein-Born-Infeld model.

4. It was obtained that the decrease of the negative values of the deformation

parameter of non-Kerr black holes causes the increase of light ray sphere.

The stability of circular orbits is decreasing with the increase the module of

negative deformation parameter. It was shown that the increase of defor-

mation parameter stable circular light ray orbits come closer to the central

object.

5. It was shown that with increasing deformation parameter of non-Kerr black

hole the shadow of the latter decreases. This phenomena also related to

the fact that the increase of deformation parameter forces light ray orbits to

come closer which corresponds to the decrease of gravitational force acting

on light ray. It was obtained that the deformed rotating black hole’s shadow

is also going to be deformed independently on sign of deformation parameter.

A comparison of the obtained theoretical results on the shadow of black hole

size with the observational data(for Rs = 6M) in the EHT project provides

the upper limit for the dimensionless deformation parameter as |ε| < 80 and

gravitomagnetic charge l/M < 0.85.

6. It was shown that the shadow of Einstein-Born-Infeld is slightly smaller and

less deformed than that for its Reissner-Nordstrom counterpart. It was ob-

tained that the presence of Born-Infeld parameter causes appearance addi-

tional asymmetries in the shape of the black hole’s shadow. It was also shown

that the increase of Born-Infeld parameter causes the shape of the black hole

shadow to be more distorted. It was shown that the gravitomagnetic charge
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increases the size of the shadow shape while black hole’s angular momentum

decreases its size.

7. It was shown that the size of the shadow decreases with rotation parameter

in 5D Myers-Perry black hole resulting in a smaller shadow than in the four

dimensional Kerr black hole. It was found that, on the contrary to the

Braneworld where the size of shadow does not changes much for fixed tidal

charged as a function of rotation parameter, the size of 5D Myers Perry black

hole shadow decreases significantly.

105



Bibliography

[1] W. W. Campbell and R. Trumpler, “Observations on the Deflection of Light

in Passing Through the Sun’s Gravitational Field, Made During the Total

Solar Eclipse of September 21, 1923,” Publications of the Astronomical So-

ciety of the Pacific, vol. 35, pp. 158–163, June 1923.

[2] N. Tsukamoto and Y. Gong, “Retrolensing by a charged black hole,” Phys.

Rev. D, vol. 95, p. 064034, Mar. 2017.

[3] N. Tsukamoto, “Retrolensing by a wormhole at deflection angles π and 3

π,” Phys. Rev. D, vol. 95, p. 084021, Apr. 2017.

[4] O. Y. Tsupko and G. S. Bisnovatyi-Kogan, “Gravitational lensing in

plasma: Relativistic images at homogeneous plasma,” Phys. Rev. D, vol. 87,

p. 124009, June 2013.

[5] G. S. Bisnovatyi-Kogan and O. Y. Tsupko, “Gravitational lensing in a non-

uniform plasma,” Mon. Not. R. Astron. Soc, vol. 404, pp. 1790–1800, June

2010.

[6] V. S. Morozova, B. J. Ahmedov, and A. A. Tursunov, “Gravitational lensing

by a rotating massive object in a plasma,” Astrophys Space Sci, vol. 346,

pp. 513–520, Aug. 2013.

106



[7] O. Y. Tsupko and G. S. Bisnovatyi-Kogan, “Gravitational lensing in the

presence of plasmas and strong gravitational fields,” Gravitation and Cos-

mology, vol. 20, pp. 220–225, July 2014.

[8] G. S. Bisnovatyi-Kogan and O. Y. Tsupko, “Gravitational lensing in a

non-uniform plasma,” Monthly Notices of the Royal Astronomical Society,

vol. 404, pp. 1790–1800, June 2010.

[9] O. Y. Tsupko and G. S. Bisnovatyi-Kogan, “Relativistic Rings due to

Schwarzschild Gravitational Lensing,” Gravitation and Cosmology, vol. 15,

pp. 184–187, June 2009.

[10] V. Perlick, “Gravitational Lensing from a Spacetime Perspective,” Living

Reviews in Relativity, vol. 7, p. 9, Sept. 2004.

[11] B. Paczynski, “Gravitational microlensing by the galactic halo,” Astrophys

J., vol. 304, pp. 1–5, May 1986.

[12] C. Alcock, C. W. Akerlof, R. A. Allsman, T. S. Axelrod, D. P. Bennett,

S. Chan, K. H. Cook, K. C. Freeman, K. Griest, S. L. Marshall, H.-S. Park,

S. Perlmutter, B. A. Peterson, M. R. Pratt, P. J. Quinn, A. W. Rodgers,

C. W. Stubbs, and W. Sutherland, “Possible gravitational microlensing of

a star in the Large Magellanic Cloud,” Nature, vol. 365, pp. 621–623, Oct.

1993.

[13] B. Paczynski, “Gravitational Microlensing in the Local Group,” Annual Re-

view of Astronomy and Astrophysics, vol. 34, pp. 419–460, 1996.

[14] V. Perlick, O. Y. Tsupko, and G. S. Bisnovatyi-Kogan, “Influence of a plasma

on the shadow of a spherically symmetric black hole,” Phys. Rev. D, vol. 92,

p. 104031, Nov. 2015.

107



[15] J. Bicak and P. Hadrava, “General-relativistic radiative transfer theory

in refractive and dispersive media,” Astronomy and Astrophysics, vol. 44,

pp. 389–399, Nov. 1975.

[16] A. Abdujabbarov, B. Toshmatov, J. Schee, Z. Stuchĺık, and B. Ahmedov,
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[17] J. Schee and Z. Stuchĺık, “Gravitational lensing and ghost images in the

regular Bardeen no-horizon spacetimes,” JCAP, vol. 6, p. 48, June 2015.
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